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Abstract. In this paper we prove a formula for the analytic index of a basic Dirac-type operator on a 
Riemannian foliation, solving a problem that has been open for many years. We also consider more general 
j^Q, indices given by twisting the basic Dirac operator by a representation of the orthogonal group. The formula 

is a sum of integrals over blowups of the strata of the foliation and also involves eta invariants of associated 
elliptic operators. As a special case, a Gauss-Bonnet formula for the basic Euler characteristic is obtained 
using two independent proofs. 
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1. Introduction 

Let (M, T) be a smooth, closed manifold endowed with a Riemannian foliation. Let : Tb (M,E + ) — > 
Tb (M, E~ ) be a basic, transversally elliptic differential operator acting on the basic sections of a foliated 
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vector bundle E. The basic index ind;, (D^) is known to be a well-defined integer, and it has been an open 
problem since the 1980s to write this integer in terms of geometric and topological invariants. Our main 
theorem (Theorem l6.1[) expresses indf, f-Df') as a sum of integrals over the different strata of the Riemannian 
foliation, and it involves the eta invariant of associated equivariant elliptic operators on spheres normal to 
the strata. The result is 

md b (D^)= j _A , b (x) |d^+V/3(M i ) , 

J M a / T j=1 

p ^ = \ E h ( D ^ T ) + h ( D ^ T )) j m/y ^ ^ ^ • 

The notation will be explained later; the integrands Aq,6 (x) and A T - b {x) are the familar Atiyah-Singer 
integrands corresponding to local heat kernel supertraces of induced elliptic operators over closed manifolds. 
Even in the case when the operator D is elliptic, this result was not known previously. We emphasize that 
every part of the formula is explicitly computable from local information provided by the operator and 
foliation. Even the eta invariant of the operator D^ + ' T on a sphere is calculated directly from the principal 
transverse symbol of the operator at one point of a singular stratum. The de Rham operator provides an 
important example illustrating the computability of the formula, yielding the basic Gauss-Bonnet Theorem 
(Theorem [TOU). 

This new theorem is proved by first writing indb (D^J as the invariant index of a G-equivariant, transver- 
sally elliptic operator I? on a G-manifold W associated to the foliation, where G is a compact Lie group of 
isometries. Using our equivariant index theorem in [14j . we obtain an expression for this index in terms of 
the geometry and topology of W and then rewrite this formula in terms of the original data on the foliation. 

We note that a recent paper of Gorokhovsky and Lott addresses this transverse index question on Rie- 
mannian foliations in a very special case. Using a different technique, they prove a formula for the index 
of a basic Dirac operator that is distinct from our formula, in the case where all the infinitesimal holonomy 
groups of the foliation are connected tori and if Molino's commuting sheaf is abelian and has trivial holonomy 
(see |27j). Our result requires at most mild topological assumptions on the transverse structure of the strata 
of the Riemannian foliation. In particular, the Gauss-Bonnet Theorem for Riemannian foliations (Theorem 
110. ip is a corollary and requires no assumptions on the structure of the Riemannian foliation. 

The paper is organized as follows. The definitions of the basic sections, holonomy-equivariant vector 
bundles, basic Clifford bundles, and basic Dirac-type operators are given in Section [2j In Section [3] we 
describe the Fredholm properties of the basic index and show how to construct the G-manifold W and the 
G-equivariant operator T>, using a generalization of Molino theory [48]. We also use our construction to 
obtain asymptotic expansions and eigenvalue asymptotics of transversally elliptic operators on Riemannian 
foliations in Section 13.21 which is of independent interest. In Section 13.41 we construct bundles associated 
to representions of the isotropy subgroups of the G-action; these bundles are used in the main theorem. In 
Section [4j we describe a method of cutting out tubular neighborhoods of the singular strata of the foliation 
and doubling the remainder to produce a Riemannian foliation with fewer strata. We also deform the 
operator and metric and determine the effect of this desingularization operation on the basic index. We 
recall the equivariant index theorem in [14] in Section [5] and prove the basic index theorem in Section [5] 
Finally, we prove a generalization of this theorem to representation- valued basic indices in Section [7] 

We illustrate the theorem with a collection of examples. These include foliations by suspension (Section 
[8]), a transverse signature (Section |9]), and the basic Gauss-Bonnet Theorem (Section [TO]) . 

One known application of our theorem is Kawasaki's Orbifold Index Theorem ([39], [40]). It is known that 
every orbifold is the leaf space of a Riemannian foliation, where the leaves are orbits of an orthogonal group 
action such that all isotropy subgroups have the same dimension. In particular, the contributions from the 
eta invariants in our transverse signature example (Section [9]) agree exactly with the contributions from the 
singular orbifold strata when the orbifold is four-dimensional. 

We thank James Glazebrook, Efton Park and Igor Prokhorenkov for helpful discussions. The authors 
would like to thank variously the Mathematisches Forschungsinstitut Oberwolfach, the Erwin Schrodinger 
International Institute for Mathematical Physics (ESI), Vienna, the Department for Mathematical Sciences 
(IMF) at Aarhus University, the Centre de Recerca Matematica (CRM), Barcelona, and the Department of 
Mathematics at TCU for hospitality and support during the preparation of this work. 
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2. RIEMANNIAN FOLIATIONS AND BASIC DlRAC OPERATORS 



2.1. Basic definitions. A foliation of codimension q on a smooth manifold M of dimension n is a natural 
generalization of a submersion. Any submersion / : M — > N with fiber dimension p induces locally, on an 
open set U C M, a diffeomorphism <fi : U — > R q x W 9 (y,x), where p+q = n. A foliation J 7 is a (maximal) 
atlas {4> a : U a — > x RP} of M such that the transition functions 4> a o ^ : W x W -t R* x RP preserve 
the fibers, i.e. they have the form 



This local description has many equivalent formulations, as expressed in the famous Frobenius Theorem. 
Geometrically speaking, M is partitioned into p-dimensional immersed submanifolds called the leaves of the 
foliation; the tangent bundle TJF to the leaves forms an integrable subbundle of the tangent bundle TM. 

In the case of a submersion, the normal bundle to TP is naturally identified with the tangent bundle of 
the base, which then forms the space of leaves. In general, such a description is not possible, since the space 
of leaves defined by the obvious equivalence relation does not form a manifold. Nevertheless, reasonable 
transverse geometry can be expressed in terms of the normal bundle Q := TM/TP of the foliation. 
We are particularly interested in the case of a Riemannian foliation, which generalizes the concept of a 
Riemannian submersion. That is, the horizontal metric on the total space of a Riemannian submersion 
is the pullback of the metric on the base, such that in any chart (f> as above, §h (^Sfi depends on the 
base coordinates y alone. Another way to express this is that LxQh = for all vertical vector fields X, 
where Cx denotes the Lie derivative. In the case of a foliation, the normal bundle Q is framed by < -S— > , 



and this foliation is called Riemannian if it is equipped with a metric on Q such that Cx9q = for 
all X £ C°° (M, TP) (see [48], [58]). For example, a Riemannian foliation with all leaves compact is a 
(generalized) Seifert fibration; in this case the leaf space is an orbifold ( 48, Section 3.6]). Or if a Lie group 
of isometrics of a Riemannian manifold has orbits of constant dimension, then the orbits form a Riemannian 
foliation. A large class of examples of Riemannian foliations is produced by suspension (see Section [8]). 
Consider the exact sequence of vector bundles 



The Bott connection on the normal bundle Q is defined as follows. If s £ C°° (Q) and if n (Y) = s, 
then V^s = n([X, Y]). The basic sections of Q are represented by basic vector fields, fields whose flows 
preserve the foliation. Alternately, a section V of Q is called a basic vector field if for every X £ C°° (TP), 



A differential form uj on M is basic if locally it is a pullback of a form on the base. Equivalently, uj is 
basic if for every vector field X tangent to the leaves, ixuj = and ix(duj) = 0, where ix denotes interior 
product with X. If we extend the Bott connection to a connection V A ^ on A*Q* , a section w of A*Q* 
is basic if and only if V^- ® uj = for all X tangent to T . The exterior derivative of a basic form is again 
basic, so the basic forms are a subcomplex fl* (M, J 7 ) of the de Rham complex J7* (M). The cohomology of 
this subcomplex is the basic cohomology H* (M, J 7 ). 

2.2. Foliated vector bundles. We now review some standard definitions (see [33] and [48]). Let G be a 
compact Lie group. With notation as above, we say that a principal G-bundle P — > (M, F) is a foliated 
principal bundle if it is equipped with a foliation Tp (the lifted foliation) such that the distribution 
TJ-p is invariant under the right action of 67, is transversal to the tangent space to the fiber, and projects 
to TJ 7 . A connection uj on P is called adapted to Tp if the associated horizontal distribution contains 
TTp. An adapted connection w is called a basic connection if it is basic as a g-valued form on (P^Tp). 
Note that in |33] the authors showed that basic connections always exist on a foliated principal bundle over 
a Riemannian foliation. 

Similarly, a vector bundle E — > (M, F) is foliated if E is associated to a foliated principal bundle 
P — > (M,P) via a representation p from G to O (k) or U (k). Let f2(M, E) denote the space of forms 
on M with coefficients in E. If a connection form u on P is adapted, then we say that an associated 
covariant derivative operator V E on fi (M, E) is adapted to the foliated bundle. We say that V E is a 



every X £ TJ 7 , where ix denotes the interior product with X. Note that V is basic if uj is basic. 



<p a ° <t> fj 1 (y, x) = (t q/3 (y) , ip a p (x, y)) . 




— > TP -» TM 4 Q -> 0. 




basic connection on E if in addition the associated curvature operator 
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Let C°° (E) denote the smooth sections of E, and let V E denote a basic connection on E. We say that a 
section s : M — > E is a basic section if and only if V E s = for all X E TT. Let G£° (E) denote the space 
of basic sections of E. We will make use of the fact that we can give E a metric such that V E is a metric 
basic connection. 

The holonomy groupoid Gj- of (M,T) (see [55]) is the set of ordered triples (x,y, [7]), where x and 
y are points of a leaf L and [7] is an equivalence class of piecewise smooth paths in L starting at x and 
ending at y; two such paths a and f3 are equivalent if and only if f3~ 1 a has trivial holonomy. Multiplication 
is defined by (y, z, [a]) ■ (x,y, [/?]) = (x,z, [a/3]), where a/3 refers to the curve starting at x and ending at z 
that is the concatenation of /3 and a. Because (M, T) is Riemannian, Gj- is endowed with the structure of 
a smooth (n + p) -dimensional manifold (see [59), where n is the dimension of M and p is the dimension of 
the foliation. 

We say that a vector bundle E —> M is Gj— equivariant if there is an action of the holonomy groupoid 
on the fibers. Explicitly, if the action of g = (x,y, [7]) is denoted by T g , then T g : E x — > E y is a linear 
transformation. The transformations {T g } satisfy T g Th — Tg h for every g,h 6 Gj- for which g ■ h is defined, 
and we require that the map g 1 — > T g is smooth. In addition, we require that for any unit u — (x,x, [a]) 
(that is, such that the holonomy of a is trivial), T u : E x — > E x is the identity. 

We say that a section s : M E is holonomy— invariant if for every g = (x, y, [7]) £ Gjr, T g s (x) — s (y). 

Remark 2.1. Every Gjr -equivariant vector bundle E — > (M, J 7 ) is a foliated vector bundle, because the 
action of the holonomy groupoid corresponds exactly to parallel translation along the leaves. If the partial 
connection is extended to a basic connection on E, we see that the notions of basic sections and holonomy- 
invariant sections are the same. 

On the other hand, suppose that E — » (M, J 7 ) is a foliated vector bundle that is equipped with a basic 
connection. It is not necessarily true that parallel translation can be used to give E the structure of a Gjr- 
equivariant vector bundle. For example, let a be an irrational multiple of 2it , and consider E = [0, 2n] x 
[0, 2tt] x C/ (0, 9, z) - (2tt, 9, e la z) , which is a Hermitian line bundle over the torus S 1 x S 1 , using the obvious 
product metric. The natural flat connection for E over the torus is a basic connection for the product foliation 
J- = {Lg}, where Lg — {((/>, ff) \ (f> G "S* 1 }- However, one can check that parallel translation cannot be used to 
make a well-defined action of Gjr on the fibers. 

An example of a Gjr- equivariant vector bundle is the normal bundle Q, given by the exact sequence of 
vector bundles 

->■ TT TM AQ^fl. 

The Bott connection V® on Q is a metric basic connection. (Recall that if s 6 G°° (Q) and if n (Y) = s, 
then V^s = tt ([X, Y]).) The basic sections of Q are represented by basic vector fields, fields whose flows 
preserve the foliation. Alternately, a section V of Q is called a basic vector field if for every X £ C°° {TJ-), 
[X, V] E G°° (TT) (see [33] or gg]). 

Lemma 2.2. Let E — > (M,J-) be a foliated vector bundle with a basic connection ~S7 E . Let V € G°° (Q) be 
a basic vector field, and let s : M — ?• E be a basic section. Then VyS is a basic section of E. 

Proof. For any X e G°° (TT), [X, V] € G°° (TT), so that Vf s = Vf x v] s = 0. Thus, 

vfvf s = (vfvf-vfvf-vf x , v] ) s 

= (V E f(X,V)s = Q, 

since V B is basic. □ 

Another example of a foliated vector bundle is the exterior bundle /\ Q* ; the induced connection from 
the Bott connection on Q is a metric basic connection. The set of basic sections of this vector bundle is the 
set of basic forms fl (M, T) , which is defined in the ordinary way in Section 12.11 It is routine to check that 
these two definitions of basic forms are equivalent. 

2.3. Basic Clifford bundles. Identifying Q with the normal bundle of the Riemannian foliation (M, T), 
we form the bundle of Clifford algebras CI (Q) = CI (Q) ® C over M. 
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Definition 2.3. Let E be a bundle ofC\(Q) -modules over a Riemannian foliation (M,J-). Let V denote 
the Levi-Civita connection on M, which restricts to a metric basic connection on Q. Let h — (■, ■) be a 
Hermitian metric on E, and let V £ be a connection on E. Let the action of an element £ G CI (Q x ) on 
v G E x be denoted by c(£)v. We say that (E,h,X7 E ) is a basic Clifford bundle if 

(1) The bundle E — > (M, J 7 ) is foliated. 

(2) The connection V E is a metric basic connection. 

(3) For every £ G Q x , c (£) is skew-adjoint on E x . 

(4) For every X £ C°° (TM) , Y £ C°° (Q) , and s G C°° (E) , 

Vf (c (Y) s) = c (V X Y) s + c(Y) Vf (s) . 

Lemma 2.4. Let (E,h,V E ) be a basic Clifford module over (M, F). Let V G C°° (Q) be a basic vector 
field, and let s : M E be a basic section. Then c (V) s is a basic section of E. 

Proof. If Vf s = and V X V = for every X € C°° (TJ"), then 

Vf (c (V) s) = c (Va-V) s + c (V) Vf (s) = 0. 

□ 

2.4. Basic Dirac operators. 

Definition 2.5. Let (E, (•, •) , V B ) be a basic Clifford bundle. The transversal Dirac operator D E is the 

composition of the maps 

C°° (E) V -4 C°° (Q* ®E)%C°°{Q®E)^ C°° (E) , 

where the operator (V B ) r is the obvious projection ofV E : C°° (E) C°° (T*M (g> E) and the ismorphism 
= is induced via the holonomy-invariant metric on Q. 

If {ei, e q } is an orthonormal basis of Q, we have that 

D E =J2c( ej )V E . 

j'=i 

Let p : T*M — > M be the projection. The restriction of the principal symbol a (D E ) : T*M — >• End^*^) 
to Q* is denoted a tT (D E ) , and it is given by 

a* (D E ) (0=c(C # ). 
Since this map is invertible for ^ £ Q* \ , we say that D E is transversally elliptic. 
Lemma 2.6. The operator D E restricts to a map on the subspace C£° (E). 

Proof. Suppose that s : M — > E is a basic section, so that Vf s = for every X £ C°° (TJ 7 ). Near a point 
x of M, choose an orthonormal frame field (ei, e q ) of Q consisting of basic fields. Then 

Vf(^fM) = £vf (c(e^ E s) 

3 = 1 

= ±c( ej )V E (v E S ), 

3 = 1 

since each ej is basic, and the result is zero by Lemma 12.21 □ 

We now calculate the formal adjoint of D E on C£° (E). Letting (si, S2) denote the pointwise inner product 
of sections of E and choosing an orthonormal frame field (ei, e q ) of Q consisting of basic fields, we have 
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that 



9 

(D^ Sl ,s 2 )-( Sl ,D^s 2 ) = ^(c(e J )V^ 1 , S2 )-( Sl ,c(e j )V^ 2 ) 

9 

= I](c(e,)V^.si,s 2 ) + (c(e j )s 1 ,V^s 2 ) 

= E ( V ^ 3 (cfoOsi),^) - (c(vj-.e,) Sl ,s 2 ) + (c(e,) Sl ,V^s 2 



9 \ / / 9 



= ( E v i (c( ej ) Sl , S2 ) i - I c I E v i e ^ ] si ' S2 



<? q 



where w is the basic form defined by cu (X) = — (c (X) si, s 2 ) for X e C°° (Q). Continuing, 



q I q 

9 



9 



Note we have been using the normal Levi-Civita connection V 1 . If we (locally) complete the normal 
frame field to an orthonormal frame field {ei, e„} for TM near x e M. Letting V M = V ± + V tan be the 
Levi-Civita connection on fi (M), the divergence of a general basic one- form (3 is 



sp = -Es</? 



Es V i/3 + -Es V e 



= -E^ V ^ + -E^ V e 

i=l j>9 
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Letting f3 = J2k=i /^fc e fc> then eacn Pk ^ s basic and 

q n / q \ 

6p = -E^ v ^-Es vt ef X> e * 

3=1 j>9 \fe=l / 

3=1 k=lj>q 

= -E^VeZ-EE^ ( E ( V "J < 

j = l k=l j>q \m>q 

= E'- v - "EE ( E ( V "J (0,4) < 

j = l k=lj>q \m>q 

j = l k=lj>q \m>q 

q 

3=1 

where _ff is the mean curvature vector field of the foliation. Thus, for every basic one-form /?, 

q 

i=i 

Applying this result to the form ui defined above, we have 

q 

{Df lSl ,s 2 )-{s x ,Dgs 2 ) = 

3=1 

= Suj — ihlj 

— Suj + (c(H) sx, s 2 ) 

= Suj - (si,c(H) s 2 ) 

Next, letting P : L 2 (f2 (M)) — > L 2 (51b (M,J~)) denote the orthogonal projection onto the closure of basic 
forms in L 2 (il (M)), we observe that 8b = PS is the adjoint of db, the restriction of the exterior derivative 
to basic forms. Using the results of 49 , P maps smooth forms to smooth basic forms, and the projection 

of the smooth function (si, c (H) s 2 ) is simply (si, c (Hb) s 2 ) , where Hb is the vector field P (H^) , the basic 
projection of the mean curvature vector field. If we had originally chosen our bundle-like metric to have 
basic mean curvature, which is always possible by |18j . then Hb = H. In any case, the right hand side of the 
formula above is a basic function, so that 

(D^ Sl ,s 2 ) - {si,Dgs 2 ) = 6 b u> - (si, c (H b ) s 2 ) . 

We conclude: 

Proposition 2.7. The formal adjoint of the transversal Dirac operator is (l?^)* = D^. — c (Hb). 

Definition 2.8. The basic Dirac operator associated to a basic Clifford module (E, (•,•), V B ) over a 
Riemannian foliation (M, !F) with bundle-like metric is 

Df = D* - \c (H h ) : C 6 °° (E) -> C fe °° (E) . 

Remark 2.9. Note that the formal adjoint of Df is (D^)* + \c(H b ) = D? T - \c(H b ) = £>f . Thus, Df 
is formally sel-adjoint. In [28 , the researchers showed that the eigenvalues of are independent of the 
choice of the bundle-like metric that restricts to the given transverse metric of the Riemannian foliation. 

Let (E, (•,•), V B ) be a basic Clifford bundle over the Riemannian foliation (M, F) , and let D® : 
Cg (E) -> Cb° (E) be the associated basic Dirac operator. Assume that E = E + E~ , with : 
C%° (E±) -> C b °° (ET). Let (£>f ± )* : £ 2 (£ T ) -> L 2 (-B ± ) denote the adjoint of £>f ± . 
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Definition 2.10. The analytic basic index of D b is 

md b (Df) = dimkcr #f + | L2 ( c » (B+) ) - dimker (£>f~) 



L2(C-(B-)) 



Remark 2.11. this point, it is not clear that these dimensions are finite. We demonstrate this fact inside 
this section. 

2.5. Examples. The standard examples of ordinary Dirac operators are the spin c Dirac operator, the de 
Rham operator, the signature operator, and the Dolbeault operator. Transversally elliptic analogues of these 
operators and their corresponding basic indices are typical examples of basic Dirac operators. 

Suppose that the normal bundle Q = TM /TF — > M of the Riemannian foliation (M, F) is spin c . Then 
there exists a foliated Hermitian basic Clifford bundle (S, (•, •) , V s ) over M such that for all x € M, S x is 
isomorphic to the standard spinor representation of the Clifford algebra C1(<5 X ) (see [H]). The associated 
basic Dirac operator jd b is called a basic spin c Dirac operator. The meaning of the integer indh (/&§) 
is not clear, but it is an obstruction to some transverse curvature and other geometric conditions (see [26] . 

[3D], 0U, ED). 

Suppose F has codimension q. The basic Euler characteristic is defined as 

9 

X (M, F) = ^(-l) fe dimH k (M,F) , 

k=0 

provided that all of the basic cohomology groups H k (M, F) are finite-dimensional. Although H° (M, F) 
and H 1 (M, F) are always finite-dimensional, there are foliations for which higher basic cohomology groups 
can be infinite-dimensional. For example, in [25 , the author gives an example of a flow on a 3- manifold for 
which H 2 (M, F) is infinite-dimensional. There are various proofs that the basic cohomology of a Riemannian 
foliation on a closed manifold is finite-dimensional; see for example [22 for the original proof using spectral 
sequence techniques or 37J and 49 for proofs using a basic version of the Hodge theorem. 

It is possible to express the basic Euler characteristic as the index of an operator. Let db denote the 
restriction of the exterior derivative d to basic forms over the Riemannian foliation (M, F) with bundle-like 
metric, and let 5b be the adjoint of db- It can be shown that 5b is the restriction of the operator P5 to 
basic forms, where 5 is the adjoint of d on all forms and P is the L 2 -orthogonal projection of the space of 
forms onto the space of basic forms. For general foliations, this is not a smooth operator, but in the case 
of Riemannian foliations, P maps smooth forms to smooth basic forms (see and PS is a differential 

operator. In perfect analogy to the fact that the index of the de Rham operator 

d + 5: fl cvcn (M) -> fl odd (M) 

is the ordinary Euler characteristic, it can be shown that the basic index of the differential operator d + P5, 
that is the index of 

D' b = d b + 5 b : f>r n (M, F) -»■ nf d (M, F) , 
is the basic Euler characteristic. The same proof works; this time we must use the basic version of the Hodge 
theorem (see [22] , [37] , and [49 ) . Note that the equality of the basic index remains valid for nonRiemannian 
foliations; however, the Fredholm property fails in many circumstances. It is interesting to note that the 
operator db + 5b fails to be transversally elliptic in some examples of nonRiemannian foliations. 

The principal symbol of D' b is as follows. We define the Clifford multiplication of CI (Q) on the bundle 
A*Q* by the action 

M 



(„> A ) 



for any vector v € NF = Q. With the standard connection and inner product defined by the metric on Q, 
the bundle A*Q* is a basic Clifford bundle. The corresponding basic Dirac operator, called the basic de 
Rham operator on basic forms, satisfies 

D b = d + 5 b - ~ (k& A +km) = D' b - i (K b A +K b -i) . 

The kernel of this operator represents the twisted basic cohomology classes, the cohomology of basic forms 
induced by the differential d defined as 

d = d — -Kb A . 



INDEX THEORY ON RIEMANNIAN FOLIATIONS 



9 



See [29] for an extended discussion of twisted basic cohomology, the basic de Rham operator, and its prop- 
erties. We have indf, (D' b ) = indf, (Dt) because they differ by a zeroth order operator (see the Fredholm 
properties of the basic index in Section [3.11 below) . and thus 

ind fc (D' b ) = ind fc (D b ) = X (M, F) , 

the basic Euler characteristic of the complex of basic forms. 



3. Fredholm properties and equivariant theory 

3.1. Molino theory and properties of the basic index. Let M — M denote the principal bundle of 
ordered pairs of frames (4> x ,tp x ) over x S M, where <fi x : M. q — > N X F is an isometry and ip : C k — > E x is 
a complex isometry. This is a principal G-bundle, where G = O (q) x U (k), and it comes equipped with 
a natural metric connection V associated to the Riemannian and Hcrmitian structures of E — > M . The 
foliated vector bundles Q — > (M, F) and E — > (M , F) naturally give M the structure of a foliated principal 
bundle with lifted foliation J- . Transferring the normalized, biinvariant metric on G to the fibers and using 
the connection V, we define a natural metric (•, on M that is locally a product. The connection V E 
pulls back to a basic connection V p E on p*E; the horizontal subbundle Hp*E of Tp*E is the inverse image 
of the horizontal subbundle HE C TE under the natural map Tp*E —> TE. It is clear that the metric is 
bundle-like for the lifted foliation T ■ 

Observe that the foliation T is transversally parallelizable, meaning that the normal bundle of the lifted 
foliation is parallelizable by F-basic vector fields. To see this, we use a modification of the standard con- 
struction of the parallelism of the frame bundle of a manifold (see (48J p. 82] for this construction in the case 
where the principle bundle is the bundle of transverse orthonormal frames). Let G = O (q) x U (fc), and let 
9 denote the R g -valued solder form of M — > M. Given the pair of frames z — (<fi, ip) where <f> : M. q — > Np^T 

and ijj : C k -> E p ^ and given X z e T Z M, we define 9 (X z ) — ^ir ± p^X z ), where 7r x : T p r z \M -> Np^T 
is the orthogonal projection. Let uj denote the o (q) © u (fc)-valued connection one-form. Let {ei, e q } be 
the standard orthonormal basis of M. q , and let {Ej denote a fixed orthonormal basis of o (q) © u (k) . 

We uniquely define the vector fields V\, V q , Ex,..., -EdimG on M by the conditions 

(1) V t e N Z T, ~E~ g N Z F for every i, j. 

(2) uj (V L ) = 0, uj (Ej) = Ej for every i, j. 

(3) 9 {V t ) = e h 9 (E~) = for every 

Then the set of .F-basic vector fields {Vi, V q , Ei, -BdimG} is a transverse parallelism on \ M,J r J 
associated to the connection V. By the fact that (m> J^j is Riemannian and the structure theorem of 
Molino [IHl Chapter 4], the leaf closures of (m, J 7 ^ are the fibers of a Riemannian submersion 7? : M W. 

Next, we show that the bundle p*E M is G_^-equi variant. An element of the foliation groupoid Gp 
is a triple of the form (y, z, [•]), where y and z are points of a leaf of T and [•] is the set of all piecewise 
smooth curves starting at y and ending at z, since all such curves are equivalent because the holonomy is 
trivial on M . The basic connection on E induces a G^-action on p*E, defined as follows. Given a vector 
(y, v) £ (p*E) y so that y £ M, v £ E p ^, we define the action of g = (y,z, [•]) by Sg(y,v) = (z,P 7 w), where 
7 is any piecewise smooth curve from p (y) to p (z) in the leaf containing p (y) that lifts to a leafwise curve 
in M from y to z and where P 7 denotes parallel translation in E along the curve 7. It is easy to check that 
this action makes p*E into a G^-equi variant, foliated vector bundle. The pullback p* maps basic sections 

of E to basic sections of p*E. Also, the O (q) x U (fc)-action on \ M, J-^j induces an action of O (q) x U (k) 

on p*E that preserves the basic sections. 

Observe that if s € G£° (E), then p*s is a basic section of p*E that is O (q) xU (fc)-invariant. Conversely, 
if s G G°° (p*E) is O(q) x U (fc)-invariant, then s — p*s for some s e G°° (E). Next, suppose s = p*s is 
O (q) x U (k) -invariant and basic. Given any vector X 6 Tp^F and its horizontal lift X € T y J- ', we have 

Q = V% E ^=V% E p* S =p*V E x s, 
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xO(g)x(7(fc) 

so that s is also basic. We have shown that C£° (E) is isomorphic to C£° [M,p*E\ 

We now construct a Hermitian vector bundle £ over W, similar to the constructions in [52] and |21) . 

Given w € W and the corresponding leaf closure Tt~ 1 (w) € M , consider a basic section s € (^M,p*E S j 

restricted to 7r _1 (w). Given any y G M, the vector s (y) uniquely determines s on the entire leaf closure by 
parallel transport, because the section is smooth. Similarly, given a vector v y G (p*E) y , there exists a basic 

section s g C£° (^M,p*E^j such that s (y) — v y , because there is no obstruction to extending, by the following 
argument. Given a basis {bi, bk} of C fc , we define the k linearly independent, basic sections of p*E by 
sj ((4>,ijj)) = ip (bj) G (p*^)(^^) — Ep((<p,ip)) ■ Thus, given a local frame {vj} for p*E on a J 7 -transversal 
submanifold near y, there is a unique extension of this frame to be a frame consisting of basic sections on a 
tubular neighborhood of the leaf closure containing y; in particular a vector may be extended to be a basic 
section of p*E. We now define £ w — C£° (^M.p*E^j / ~ Wj where two basic sections s, s' : M —> p*E are 
equivalents ~ w s') if s (y) = s' (y) for every y 6 7r _1 (w). By the reasoning above, £ w is a complex vector 
space whose dimension is equal to the complex rank of p*E — > M. Alternately, we could define £ w to be the 
vector space of F -basic sections of p*E restricted to the leaf closure 7? -1 (w). The union U me jy £ w forms 
a smooth, complex vector bundle £ over W; local trivializations of £ are given by local, basic framings of 
the trivial bundle p*E —> M. We remark that in the constructions of [52] and [21], the vector bundle was 
lifted to the transverse orthonormal frame bundle M, and in that case the corresponding bundle £ in those 
papers could have smaller rank than E. 

We let the invertible $ : C°° (w,^ -t \ M,p*E, J 7 J be the almost tautological map defined as 

follows. Given a section s~ of £, its value at each w € W is an equivalence class [s] w of basic sections. We 
define for each y e 7r _1 (w), 

<Z>(s)(y) = s(y)€(p*E) y , 

By the continuity of the basic section s, the above is independent of the choice of this basic section in the 
equivalence class. By the definition of $ and of the trivializations of £ , it is clear that $ is a smooth map. 
Also, the G = O (q) x U (k) action on basic sections of p*E pushes forward to a G action on sections of £. 
We have the following commutative diagram, with W = M/J- — W /G the leaf closure space of (M, F). 

p*E £ 
\ I 
G ^ (m,?\ A W 

E -> [M,T) — > W 

Observe that we have the necessary data to construct the basic Dirac operator on sections of p*E over M 
corresponding to the pullback foliation p* T on M. The connection V p E is a basic connection with respect 
to this Riemannian foliation, and the normal bundle N (p* J-) projects to the normal bundle Q — NJ 7 , so 
that the action of C1(Q) on E lifts to an action of Cl(N (p*F)) on p*E. Using this basic Clifford bundle 
structure, we construct the transversal Dirac- type operator Df r Ji and the basic Dirac- type operator B v b ® 

on C£° \ M,p*E,p*J^j ; we add the subscript p* to emphasize that we are working with p*T rather than the 

lifted foliation. Observe that C fc °° (m,p*E iP *T) = C fc °° (M,p*E,^j C C b °° (M,p*E,^j. It is clear from 
the construction that p* is an isomorphism from C£° (M, E) to C%° ^M, p*E, p*F\ and p* o Df = D v h ^ 
We define the operator V : C°° (w, £j -+ C°° (W, by 

P = <I» 'ofi3g^_I c (f/,,)]o<I.. 



E * 
op . 
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where Hf, is the basic mean curvature of the pullback foliation, which is merely the horizontal lift of H^. Let 

G 



T> G denote the restriction of T> to C° 



$ : C° 



Note that 

(5 



c^[m, p *e,j= 



is an isomorphism. Observe that the Hermitian metric on p* E induces a well-defined Hermitian metric on 
£ that is invariant under the action of G. 



Assume that E 
restrictions 



D P'E 



E- with L>f ± : C b x {M,E ± ) C^°(M,E^). We define D± p , to be the 



- 2 c(H b 



(m, p 



*e ± , p *t) -> C 6 °° (M,p*E*,p*T) , 
* C°° (w,£-) 



(3.1) 



We define the bundles £ ± and the operator 

2?+ = o tejf, - i c (j/ 6 )) o $ : 
in an analogous way. We now have the following result. 

Proposition 3.1. Let + : (M, E + ) — > (M, E~) be a basic Dirac operator for the rank k complex 
vector bundle E = E + © E~~ over the transversally oriented Riemannian foliation [M, J 7 ) , and let G = 
0{q) xU{k). Then 

ind h (£f+)=ind(2? G ), 

where ind (T> G ) refers to the index of the transversally elliptic operator T> + restricted to G -invariant sections 
( equivalently, the supertrace of the invariant part of the virtual representation-valued equivariant index of 

the operator T>). It is not necessarily the case that the adjoint T>~ : C° 
with o ( D?*5 -hc(H, 



(W,£-) 



C°° \ W 1 £ + ] coincides 



tr.p* 



o $ 



_ , but the principal transverse symbols of T> and T> evaluated 

I'll (fj iiii jn 11 i 1 i /nil iiiiii^ii /.m: ^ifiiiuin. i ij i_ >L ' 

and restricted to the normal space to a leaf closure in M . 

Proof. The kernels satisfy 

S kcr (p* o Df +) 
- ker ( D t P * ° P* 



C°°{W,£-) 

on a normal space to an orbit in W correspond with the restriction of the principal transverse symbol of 



ker(£>f H 



ker 



C?°(m,e+) 



Dt E r -\c\th 



o p 



C°°(M,E+), 
o $ 



C™{W,£ + ) 



ker (V +G ) 



the kernel of the operator restricted to G -invariant sections. Next, while is the adjoint of + with 

respect to the L 2 -inner product on the closure of the space of basic sections of E, it is not necessarily true that 



C°°(w,£-y 



the adjoint of V+ = S" 1 o (d**^ _ i c $ _ ^ is $-i (d£^ _ | c (fj b ^ $ 

because although the operators have the same principal transverse symbol, the volumes of the orbits on 
W need not coincide with the volumes of the leaf closures on M, at least with the metric on W that we 
have chosen. However, it is possible to choose a different metric, similar to that used in |52| Theorem 3.3], 
so by using the induced L 2 -metric on invariant sections of £ over W and the L 2 metric on basic sections 
of E on M, $ is an isometry. Specifically, let <f> : W — > R be the smooth positive function defined by 
<j> (w) — vol (n" 1 (w)). Let dyy be the dimension of W. We determine a new metric g' on W by conformally 

multiplying the original metric g on W by <t?l d ^> £ C°° (w^J , so that the volume form on W is multiplied 

by <j>. Note that <f> (w) vol s (O w ) — vol (L) by the original construction, where L = p (7r -1 (w)) is the leaf 
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closure corresponding to the orbit O w = wG C W. By using the new metric g' on W, we see that $ extends 
to an L 2 -isometry and that G still acts by isometries on W. Then 



kcr (Df~) = ker ( o ( _ I c (h^ ) q, 



C°°(W : £-) C 



ker (V 



G.adj' 



where the superscript adj' refers to the adjoint with respect to the L 2 metrics C°° (w,£ ± ^ induced by g'. 
Therefore, the analytic basic index satisfies 

ind 6 K+)=ind' (V G ), 

where ind' (V G ) is the analytic index of the transversally elliptic operator T> restricted to G-invariant sections, 
with adjoint calculated with respect to the choice of metric g' . Because the restriction of D to G-invariant 
sections is a Fredholm operator (see [TJ), ind' [T> J is independent of the choice of metric. □ 

The Fredholm properties of the equivariant index of transversally elliptic operators (see [T|) imply the 
following. 

Corollary 3.2. In the notation of Proposition \3.1[ the analytic basic index ind;, is a well-defined 

integer. Further, it is invariant under smooth deformations of the basic operator and metrics that preserve the 
invertibility of the principal symbol a (£ x ) of for every x £ M, but only for £ x £ Q x — (T X M/ / T X L X ^ , 
the dual to the normal space to the leaf closure through x. 

Note that if / is a smooth function on W such that df w is an element of the dual space to the normal 
bundle to the orbit space at w £ W, and if s is a smooth section of £ + , then 



[d+j]s = <f>- 1 c (d(r/) # )$(s) 



c(df#) 



This implies that T> + is a Dirac operator on sections of £ + , since {T> + )* T> + is a generalized Laplacian. The 
analogous result is true for T>~ . 

It is possible use the Atiyah-Segal Theorem ([J]) to compute ind G (£> + ), but only in the case where V 
is a genuinely elliptic operator. Recall that if D' is an elliptic operator on a compact, connected manifold 
M that is equivariant with respect to the action of a compact Lie group G', then G' represents on both 
finite- dimensional vector spaces kerD' and ker D'* in a natural way. For g £ G' , 

indg (£>') := tr (g\ kerD') - tr (g\ kerD'*) . 

where dg is the normalized, bi-invariant measure on G'. The Atiyah-Segal Theorem computes this index 
in terms of an integral over the fixed point set of g. We will use our equivariant index theorem in |14j to 
evaluate ind (£> + ) in terms of geometric invariants of the operator restricted to the strata of the foliation. 

Remark 3.3. Under the additional assumption that E — > [M, J 7 ) is Gjr -equivariant, the pullback of E to 
the transverse orthonormal frame bundle is already transversally parallelizable. Thus, it is unnecessary in 
this case to pull back again to the unitary frame bundle. We may then replace G by O (q), and W is the 
so-called basic manifold of the foliation, as in the standard construction in [48] . 

Remark 3.4. If(M,J-) is in fact transversally orientable, we may replace O (q) with SO(q) and work with 
the bundle of oriented orthonormal frames. 

3.2. The asymptotic expansion of the trace of the basic heat kernel . In this section, we will 
state some results concerning the spectrum of the square of a basic Dirac-type operator and the heat kernel 
corresponding to this operator, which are corollaries of the work in the previous section and are of independent 
interest. 
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Proposition 3.5. Let : C£° (M, E + ) — > C£° (M, E ) be a basic Dirac operator for the rank k complex 

vector bundle E = E + @E~ over the transversally oriented Riemannian foliation (M,J-) , and let (_D^ + ) J 
be the adjoint operator. Then the operators 



are essentially self-adjoint, and their spectrum consists of nonnegative real eigenvalues with finite multiplic- 
ities. Further, the operators L ± have the same positive spectrum, including multiplicities. 

Proof. By (|3.ip and the proof of Proposition 13.11 the operators L + and L~ are conjugate to essentially 
self-adjoint, second order, G-equivariant, transversally elliptic operators on W . □ 

The basic heat kernel K b (t,x,y) for L is a continuous section of E H E* over R >0 x M x M that is C 1 
with respect to t, C 2 with respect to x and y, and satisfies, for any vector e y £ E y , 

d \ „ . 

— + L x J K b (t,x,y)e y = 

lim / K b {t,x,y)s{y)dV{y) = s(x) 
*^o+ J M 

for every continuous basic section s : M —> E. The principal transverse symbol of L satisfies a (L) (£ x ) = 
\£ x \ I x for every £ x £ iV^J 7 , where I x : E x — > E x is the identity operator. The existence of the basic heat 
kernel has already been shown in [51]. Let q be the codimension of the leaf closures of (M, J 7 ) with maximal 
dimension. The following theorems are consequences of |12) . [13] and the conjugacy mentioned in the proof 
of the proposition above. 

Theorem 3.6. Under the assumptions in Provosition \3.5[ let < Aq < \\ < \\ < ... be the eigenvalues of 
L poo ( E j , counting multiplicities. Then the spectral counting function N b (A) satisfies the asymptotic formula 

N b (X) : =#{A^| A ? b „<A} 



rank(£) V t 



tr x q/2 



(4^) 9/2 r(§ 4 

Theorem 3.7. Under the assumptions in Proposition \3.5l the heat operators e~ tL+ and e~ tL are trace 
class, and they satisfy the following asymptotic expansions. Then, as t — > 0, 

/ \ 



\ 0<k<K o ) 



where Kq is less than or equal to the number of different dimensions of closures of infinitesimal holonomy 
groups of the leaves of T . 

Remark 3.8. (The basic zeta function and determinant of the generalized basic Laplacian) We remark that 
due to the singular asymptotics lemma of [15 , we have that ajk — for j <q, k > 0. We conjecture that all 
the logarithmic terms vanish. Note that the fact that Oqk = for k > implies that the corresponding zeta 
function C,l (z) is regular at z — 0, so that the regularized determinant of L may be defined. 

3.3. Stratifications of G-manifolds and Riemannian foliations. In the following, we will describe 
some standard results from the theory of Lie group actions and Riemannian foliations (see [9], [38], [48]). 
Such G-manifolds and Riemannian foliations are stratified spaces, and the stratification can be described 
explicitly. In the following discussion, we often have in mind that W is the basic manifold corresponding 
to (M, J 7 ) described in the last section, but in fact the ideas apply to any Lie group G acting on a smooth, 
closed, connected manifold W. In the context of this paper, either G is O (q), SO (q), or the product of one 
of these with U (k). We will state the results for general G and then specialize to the case of Riemannian 
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foliations (M, F) and the associated basic manifold. We also emphasize that our stratification of the foliation 
may be finer than that described in 48 , because in addition we consider the action of the holonomy on the 
relevant vector bundle when identifying isotropy types. 

Given a G-manifold W and w € W, an orbit O w = {gw : g £ G} is naturally diffeomorphic to G/H w , 
where H w = {g € G \wg = w} is the (closed) isotropy or stabilizer subgroup. In the foliation case, the group 
H w is isomorphic to the structure group corresponding to the principal bundle p : tt~ 1 (w) — > L, where L is 
the leaf closure p (tt~ 1 (w)) in M. Given a subgroup H of G, let [if] denote the conjugacy class of if. The 
isotropy type of the orbit O x is defined to be the conjugacy class [H w ] , which is well-defined independent 
of w G O x - On any such G-manifold, there are a finite number of orbit types, and there is a partial order 
on the set of orbit types. Given subgroups if and K of G, we say that [if] < [K] if if is conjugate to 
a subgroup of K, and we say [if] < [K] if [if] < [K] and [if] ^ [K\. We may enumerate the conjugacy 
classes of isotropy subgroups as [Go] , [G r ] such that [G,] < [Gj] implies that i < j. It is well-known that 
the union of the principal orbits (those with type [Go]) form an open dense subset Wq = W ([Go]) of the 
manifold W, and the other orbits are called singular. As a consequence, every isotropy subgroup if satisfies 
[Go] < [H]. Let Wj denote the set of points of W of orbit type [Gj] for each j; the set Wj is called the 
stratum corresponding to [Gj]. If [Gj] < [Gk], it follows that the closure of Wj contains the closure of Wk- 
A stratum Wj is called a minimal stratum if there does not exist a stratum Wk such that [Gj] < [Gk] 

(equivalently, such that Wk C Wj). It is known that each stratum is a G- invariant submanifold of W, and 
in fact a minimal stratum is a closed (but not necessarily connected) submanifold. Also, for each j, the 
submanifold W>j := [J Wk is a closed, G-invariant submanifold. 

[G k ]>[Gj] 

Now, given a proper, G-invariant submanifold S of W and e > 0, let T £ (S) denote the union of the 
images of the exponential map at s for s £ S restricted to the open ball of radius e in the normal bundle 
at S. It follows that T e (S) is also G-invariant. If Wj is a stratum and e is sufficiently small, then all orbits 
in T £ (Wjj \ Wj are of type [Gk], where [G k ] < [Gj]. This implies that if j < k, Wj n W k ^ 0, and 

Wk C Wj, then Wj and Wk intersect at right angles, and their intersection consists of more singular strata 
(with isotropy groups containing conjugates of both Gk and Gj). 

Fix e > 0. We now decompose W as a disjoint union of sets W§ , . . . , W£- If there is only one isotropy 
type on W, then r = 0, and we let Wg = Eg = Wo — W. Otherwise, for j = r, r — 1, 0, let Ej — 2%, and 
let 
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Wj \ |J % W] = T £i (Wj) \ |J % (3.2) 

k>j k>j 

Thus, 

We now specialize to the foliation case. Let (M,T) be a Riemannian foliation, and let E — > M be a 
foliated Hermitian vector bundle over M (defined in Section [2~2l . Let the G-bundle M — > M be either the 
orthonormal transverse frame bundle of (M, !F) or the bundle of ordered pairs (a,/3), with a a orthonormal 
transverse frame and j3 an orthonormal frame of E with respect to the Hermitian inner product on E, as in 
Section l3~Tl In the former case, M M is an O (g)-bundle, and in the latter case, M is an O (q) x U (k)- 
bundle. We also note that in the case where (M, T) is transversally oriented, we may replace O (q) with 
SO (q) and choose oriented transverse frames. In Section 13.11 we showed that the foliation T lifts to a 
foliation T on M, and the lifted foliation is transversally parallelizable. We chose a natural metric on M, 
as explained in Section 13.11 By Molino theory ( [48] ) , the leaf closures of T are diffeomorphic and have no 

holonomy; they form a Riemannian fiber bundle M W over what is called the basic manifold W , on 
which the group G acts by isometries. 

We identify the spaces Wf, Wf/G, and Wf/G with the corresponding Mf , Mf/F, and Mf/F on M 
via the correspondence 

p ( (G-orbit on Wj ) = leaf closure of (AT, F) . 
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The following result is contained in [48] . which is a consequence of Riemannian foliation theory and the 
decomposition theorems of G- manifolds (see [35] )• However, we note that the decomposition described 
below may be finer than that described in Molino, as the bundle E — > M is used in our construction to 
construct the basic manifold, and the group acting may be larger than the orthogonal group. The action of 
the holonomy on the bundle may participate in the decomposition of the foliation. 

Lemma 3.9. Let (M,J-) be a Riemannian foliation with bundle-like metric. Let T denote the (possibly) 
singular foliation by leaf closures of I '. We let Mj = M ([Gj]) ^p^ 1 (w [[Gj])) ) , Mf = p (V 1 (w)) 

with W , W ([Gj]), Wf defined as above on the basic manifold. Note that Mj is a stratum on M corresponding 
to the union of all leaf closures whose structure group of the principal bundle p : L — > L is in [Gj], where L 
is a leaf closure of M that projects to L. It follows that all the leaf closures in Mj have the same dimension. 
Then we have, for every i 6 {1, . . . , r} and sufficiently small e > 0: 

r 

(1) M = [J Mf (disjoint union). 

z=0 

(2) Mf is a union of leaf closures. 

(3) The manifold Mf is diffeomorphic to the interior of a compact manifold with corners; the leaf 
closure space space Mf / T = Wf / O (q) is a smooth manifold that is isometric to the interior of a 
triangulable, compact manifold with corners. The same is true for each £f, Mi/T. 

(4) If [Gj] is the isotropy type of an orbit in Mf, then j < i and [Gj] < [Gf]. 

(5) The distance between the submanifold Mj and Mf for j > i is at least e. 

Remark 3.10. The lemma above remains true if at each stage T £ (Mj) is replaced by any sufficiently small 
open neighborhood of Mj that contains T e (Mj), that is a J 7 -saturated, and whose closure is a manifold with 
corners. 

Remark 3.11. The additional frames of E have no effect on the stratification of M; the corresponding Mf , 
Mi are identical whether or not the bundle M — > M is chosen to be the O (q) -bundle or the O (q) x U (k)- 
bundle. However, the isotropy subgroups and basic manifold W are different and depend on the structure of 
the bundle E. 

Definition 3.12. With notation as in this section, suppose that [H] is a maximal isotropy type with respect 
to the partial order <. Then the closed, saturated submanifold M ([H]) is called a minimal stratum of the 
foliation (M, J 7 ) . 

3.4. Fine components and canonical isotropy bundles. First we review some definitions from [14] and 
[32j concerning manifolds X on which a compact Lie group G acts by isometries with single orbit type [H]. 
Let X H be the fixed point set of H, and for a £ ttq (X h ) , let X^ denote the corresponding connected 
component of X H . 

Definition 3.13. We denote X a — GX^ , and X a is called a component of X relative to G. 

Remark 3.14. The space X a is not necessarily connected, but it is the inverse image of a connected com- 
ponent of G\X = N\X H under the projection X — > G\X . Also, note that X a = Xp if there exists n E N 
such that nX^f — X^ . If X is a closed manifold, then there are a finite number of components of X relative 
toG. 

We now introduce a decomposition of a G-bundlc E — > X over a G-space with single orbit type [H] 
that is a priori finer than the normalized isotypical decomposition. Let E a be the restriction E\ XH . For 
a : H — > U (W a ) an irreducible unitary representation, let er™ : H — > U (W a ) be the irreducible representation 
defined by 

a n (h) = a (n^hn) . 
Let iVr CT ] = {n € N : [a n ] is equivalent to [a] } . If the isotypical component 

E^ ■- i a (Hom H (W a , E x ) ® W a ) 
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is nontrivial, then it is invariant under the subgroup N a ^ C that leaves in addition the connected 
component X^ invariant; again, this subgroup has finite index in N. The isotypical components transform 
under n G N as 

where n denotes the residue class class of n G N in N/N a . Then a decomposition of E is obtained by 
'inducing up' the isotypical components E^ from N a y\ to N. That is, 



is a bundle containing Eq 



. This is an iV-bundle over NX^f C X , and a similar bundle may be formed 

X S 

over each distinct NXjj, with /3 g 7To (X h ). Further, observe that since each bundle E^^ is an iV-bundle 
over NX^, it defines a unique G bundle E^,y 

Definition 3.15. The G-bundle E^, a] over the submanifold X a is called a fine component or the fine 
component ojE^rX associated to (a, [a]). 

If G\X is not connected, one must construct the fine components separately over each X a . If E has 
finite rank, then E may be decomposed as a direct sum of distinct fine components over each X a . In any 
case, E^^ is a finite direct sum of isotypical components over each . 

Definition 3.16. The direct sum decomposition of E\ x into subbundles E b that are fine components E^M 
for some [a], written 

E \x a = ® Eb > 

b 

is called the refined isotypical decomposition (or fine decomposition) of E\ x . 

In the case where G\X is connected, the group ir (N /H) acts transitively on the connected components 
ttq (X h ^J, and thus X a = X. Wc comment that if [er, W a ] is an irreducible iJ-representation present in E x 

with x G , then E^ is a subspace of a distinct E h x for some b. The subspace E h x also contains E x a ' for 
every n such that nX^ = X^ ■ 

Remark 3.17. Observe that by construction, for x £ X^ the multiplicity and dimension of each [a] present 
in a specific E x is independent of [a] . Thus, E^ x ' and E^ have the same multiplicity and dimension if 
-V/' A//. 

Remark 3.18. The advantage of this decomposition over the isotypical decomposition is that each E b is a 
G-bundle defined over all of X a , and the isotypical decomposition may only be defined over X^ . 

Definition 3.19. Now, let E be a G-equivariant vector bundle over X , and let E b be a fine component as in 
Definition \S.15\ corresvondina to a specific component X a — GX^ of X relative to G. Suppose that another 
G-bundle W over X a has finite rank and has the property that the equivalence classes of G y -representations 
present in E h y ,y £ X a exactly coincide with the equivalence classes of G y -representations present in W y , and 
that W has a single component in the fine decomposition. Then we say that W is adapted to E b . 

Lemma 3.20. In the definition above, if another G-bundle W over X a has finite rank and has the property 
that the equivalence classes of G y -representations present in E b ,y G X a exactly coincide with the equivalence 
classes of G y -representations present in W y , then it follows that W has a single component in the fine 
decomposition and hence is adapted to E . Thus, the last phrase in the corresponding sentence in the above 
definition is superfluous. 

Proof. Suppose that we choose an equivalence class [a] of H- representations present in W x , x G X^ . Let 
[a 1 ] be any other equivalence class; then, by hypothesis, there exists n G N such that nXf = X^ and 
[<t'] = [a 71 ]. Then, observe that nW x a ^ = Wn X ' = W x a \ with the last equality coming from the rigidity of 
irreducible ii-representations. Thus, W is contained in a single fine component, and so it must have a single 
component in the fine decomposition. □ 
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In what follows, we show that there are naturally defined finite-dimensional vector bundles that are 
adapted to any fine components. Once and for all, we enumerate the irreducible representations { [pj , V Pj ] }■ 2 
of G. Let [a, W a ] be any irreducible //-representation. Let G x# W a be the corresponding homogeneous 
vector bundle over the homogeneous space G/H. Then the L 2 -sections of this vector bundle decompose into 
irreducible G-representations. In particular, let [pj , V Pj ] be the equivalence class of irreducible representa- 
tions that is present in L 2 (G/H, Gxg W a ) and that has the lowest index jo- Then Frobenius reciprocity 
implies 

+ Hom G (V Pj0 , L 2 (G/H, Gx H W a j) = Horn* (v Rc<Pjg)l W a ) , 

so that the restriction of pj to H contains the H- representation [a). Now, for a component of X H , 
with X a = GX^ its component in X relative to G, the trivial bundle 

~X-a X V pj<) 

is a G-bundle (with diagonal action) that contains a nontrivial fine component W a r ff i containing X^ x 

Definition 3.21. We call W a ,[o-] — * -^a fie canonical isotropy G-bundle associated to (a, [a]) £ 
ttq (X H ) x if. Observe that W a| u depends only on the enumeration of irreducible representations of G, 
the irreducible H -representation [a] and the component X^ . We also denote the following positive integers 
associated to W a rj: 

• m a.[<j] = dimHomiy (W a , W a) [ CT ] jX ) = dimHom# (W^, V^ o ) fi/ie associated multiplicity), inde- 
pendent of the choice of [a, W a \ present in W a [ a ] x , x £ X^ (see Remark \3.17\ ). 

• da.[u] — dimW a (the associated representation dimension), independent of the choice of [a, W a \ 
present in W a i a v x , x £ X^ . 

ak(w a>[ 



ran k 



(the inequivalence number), the number of inequivalent representations 



present in W a ui x , x £ X^ . 

Remark 3.22. Observe that W^rj = W a r r CT 'i if [a'] = [cr n ] for some n £ N such that nX^ = X^, . 

The lemma below follows immediately from Lemma 13.201 

Lemma 3.23. Given any G-bundle E — > X and any fine component E h of E over some X a = GX^ , there 
exists a canonical isotropy G-bundle W a jo-i adapted to E b — > X a . 

An example of another foliated bundle over a component of a stratum Mj is the bundle defined as follows. 

Definition 3.24. Let E — > M be any foliated vector bundle. Let S Qj = n (p^ 1 (Mj)) be the corresponding 
component of the stratum relative to G on the basic manifold W ( see Section \3.S\) , and let W T — ¥ S Qj be a 
canonical isotropy bundle ( Definition 1 3. 21\) . Consider the bundle tt*W t <g) p* E — > p^ 1 (Mj), which is foliated 
and basic for the lifted foliation restricted to p~ x (Mj). This defines a new foliated bundle E T — > Mj by 
letting E x be the space of G -invariant sections ofTi*W T ®p*E restricted top -1 (x). We call this bundle the 
W T -twist of E -> Mj. 

4. DESINGULARIZATION OF THE FOLIATION 

4.1. Topological Desingularization. Assume that (M,T) is a Riemannian foliation, with principal stra- 
tum M and singular strata M\,...,M r corresponding to isotropy types [Go], [Gi], [G2], [G r ] on the 
basic manifold, as explained in Section [331 We will construct a new Riemannian foliation (N, J 7 ^) that has 
a single stratum (of type [Go]) and that is a branched cover of M, branched over the singular strata. A 
distinguished fundamental domain of Mq in N is called the desingularization of M and is denoted M. This 
process closely parallels the process of desingularizing a G- manifold, which is described in [T4] . 

Recall the setup from Section 13.31 We are given E —> M, a foliated Hermitian vector bundle over M, 
and the bundle M — > M is the bundle of ordered pairs (a, f$) with structure group G = O (q) x U (k), 
with a a orthonormal transverse frame and j3 an orthonormal frame of E with respect to the Hermitian 
inner product on E, as in Section [3~TI in many cases the principal bundle may be reduced to a bundle with 
smaller structure group. The foliation T lifts to a foliation T on M, and the lifted foliation is transversally 
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parallelizable. We chose the natural metric on M as in Section I5TT1 By Molino theory ([IB]), the leaf closures 
of J- arc diffeomorphic, have no holonomy, and form a Riemannian fiber bundle M W over the basic 
manifold W, on which the group G acts by isometries. The G-orbits on W and leaf closures of (M, F) are 
identified via the correspondence 

p (V 1 (G-orbit on W)) = leaf closure of (M, F) . 

A sequence of modifications is used to construct iV and M C N. Let Mj be a minimal stratum. Let 
T £ (Mj) denote a tubular neighborhood of radius e around Mj, with e chosen sufficiently small so that all 
leaf closures in T £ [Mj) \ Mj correspond to isotropy types [Gk], where [Gk] < [Gj]. Let 

iV 1 = (M \ T £ (Mj)) U dTe(Mj) (M \ T £ (Mj)) 

be the manifold constructed by gluing two copies of (M \ T £ (Mj)) smoothly along the boundary. Since the 
T £ (Mj) is saturated (a union of leaves), the foliation lifts to N 1 . Note that the strata of the foliation F 1 on 
TV 1 correspond to strata in M\T £ (Mj). If Mk (1 (M \ T £ (Mj)) is nontrivial, then the stratum corresponding 
to isotropy type [Gk] on TV 1 is 

Nl = (M k n (M \ T £ (Mj))) U (MkndTc{AIj)) (M k n (M \ T £ (Mj))) . 

Thus, (A^ 1 , F 1 ) is a foliation with one fewer stratum than (M, F), and M\Mj is diffeomorphic to one copy of 
(M \ T £ (Mj)), denoted M 1 in A^ 1 . One may radially modify metrics so that a bundle-like metric on (M, F) 
transforms to a bundle-like metric on (N 1 , J- 1 )- In fact, A^ 1 is a branched double cover of M, branched over 
Mj. If the leaf closures of (N 1 ,^ 1 ) correspond to a single orbit type, then we set A" = A^ 1 and M = M 1 . If 
not, we repeat the process with the foliation (A^ 1 , T 1 ) to produce a new Riemannian foliation (A^ 2 , F 2 ) with 
two fewer strata than (M , F) and that is a 4-fold branched cover of M. Again, M 2 is a fundamental domain 
of M 1 \ {a minimal stratum}, which is a fundamental domain of M with two strata removed. We continue 
until (N,Fn) = (N r ,F r ) is a Riemannian foliation with all leaf closures corresponding to orbit type [Go] 
and is a 2 r -fold branched cover of M, branched over M \ Mq. We set M — M r , which is a fundamental 
domain of Mo in N. 

Further, one may independently dcsingularize M>j, since this submanifold is itself a closed G-manifold. 
If M>j has more than one connected component, we may desingularize all components simultaneously. The 
isotropy type corresponding to all leaf closures of M>j is [Gj], and M>j/F is a smooth (open) manifold. 

4.2. Modification of the metric and differential operator. We now more precisely describe the desin- 
gularization. If (M, F) is equipped with a basic, transversally elliptic differential operator on sections of a 
foliated vector bundle over M, then this data may be pulled back to the desingularization M. Given the 
bundle and operator over , simply form the invertible double of the operator on A r - J+1 , which is the double 
of the manifold with boundary N 3 \ T £ (£), where E is a minimal stratum on N J . 

Specifically, we modify the bundle-like metric radially so that there exists sufficiently small e > such 
that the (saturated) tubular neighborhood i?4 e S of S in N 3 is isometric to a ball of radius 4e in the normal 
bundle ATS. In polar coordinates, this metric is ds 2 — dr 2 + da 2 + r 2 d0 2 , with r £ (0,4s), da 2 is the metric 
on E, and dO 2 is the metric on S (N a T,), the unit sphere in A^E; note that d6 2 is isometric to the Euclidean 
metric on the unit sphere. We simply choose the horizontal metric on B± £ Y, to be the pullback of the metric 
on the base E, the fiber metric to be Euclidean, and we require that horizontal and vertical vectors be 
orthogonal. We do not assume that the horizontal distribution is integrable. We that the metric constructed 
above is automatically bundle-like for the foliation. 

Next, we replace r 2 with / (r) = [ip (r)] 2 in the expression for the metric, where ip (r) is increasing, is a 
positive constant for < r < e, and ip (r) = r for 2e < r < 3e. Then the metric is cylindrical for r < e. 

In our description of the modification of the differential operator, we will need the notation for the 
(external) product of differential operators. Suppose that F X A B is a fiber bundle that is locally 
a metric product. Given an operator A\ )X : F (t^ 1 (x) ,Ei) —> F (n^ 1 (x) ,Fi) that is locally given as a 
differential operator A x : T(F,Ei) -> T(F,Fi) and A 2 : T(B,E 2 ) -> T(B,F 2 ) on Hermitian bundles, we 
define the product 

A hx *A 2 :T (X, (Ex H E 2 ) © (Fx H F 2 j) -> T (X, (Fx E3 E 2 ) ® (E x IS F 2 )) 
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as the unique linear operator that satisfies locally 



A x mi -IMA 
1MA 2 A* IE 1 



2 



on sections of 



Ei Kl E 2 

Fx mF 2 



of the form ( Ul „ " 2 ) , where u x £ V (F, E x ), u 2 £ T (B, E 2 ), v\ £ T (F, F x ), v 2 £ T (B, E 2 ). This coincides 
V V\ Kl v 2 J 

with the product in various versions of K-theory (see, for example, p], (42j pp. 384ff]), which is used to 
define the Thorn Isomorphism in vector bundles. 

Let D = D + : T (N* ,E + ) — > T (N J ,E~) be the given first order, transversally elliptic, J - -? -basic differ- 
ential operator. Let E be a minimal stratum of . We assume for the moment that E has codimension 
at least two. We modify the bundle radially so that the foliated bundle E over B^ e (E) is a pullback of the 
bundle E\^ —> E. We assume that near E, after a foliated homotopy D + can be written on B± e (E) locally 
as the product 

D+ = (D N *D^)+, (4.1) 

where Dj} is a transversally elliptic, basic, first order operator on the stratum (E, J 7 ^), and Dn is a basic, 
first order operator on B^ e (E) that is elliptic on the fibers. If r is the distance from E, we write Dn in polar 
coordinates as 

D N = Z (vg + ^D s 

where Z = —ia(D]\r) (d r ) is a local bundle isomorphism and the map D s is a purely first order operator 
that differentiates in the unit normal bundle directions tangent to S X T.. 

We modify the operator Dn on each Euclidean fiber of iVE A E by adjusting the coordinate r and function 
- so that Dn * D% is converted to an operator on a cylinder; see [TU Section 6.3.2] for the precise details. 

The result is a G- manifold M- 7 with boundary dAP , a G- vector bundle 0? , and the induced operator & , all 
of which locally agree with the original counterparts outside B e (E). We may double M J along the boundary 
dMi and reverse the chirality of E^ as described in [51 Ch. 9]. Doubling produces a closed manifold 
with foliation J 7 - 7 , a foliated bundle E^ , and a first-order transversally elliptic differential operator D^ . This 
process may be iterated until all leaf closures are principal. The case where some strata have codimension 1 
is addressed in the following paragraphs. 

We now give the definitions for the case when there is a minimal stratum E of codimension 1. Only the 
changes to the argument are noted. This means that the isotropy subgroup H corresponding to E contains 
a principal isotropy subgroup of index two. If r is the distance from E, then Dn has the form 

/)x = Z i Vf + -D s ) = Z\7 E 



= I « ,. 

where Z = — ia (Dn) (d r ) is a local bundle isomorphism and the map D s = 0. 

In this case, there is no reason to modify the metric inside B £ (E). The "desingularization" of M along E 
is the manifold with boundary M — M\Bg (E) for some < S < e; the singular stratum is replaced by the 
boundary dM = S$ (E), which is a two-fold cover of E and whose normal bundle is necessarily oriented (via 
d r ). The double M' is identical to the double of M along its boundary, and M' contains one less stratum. 

4.3. Discussion of operator product assumption. We now explain specific situations that guarantee 
that, after a foliated homotopy, D + may be written locally as a product of operators as in (|4.1[) over the 
tubular neighbor hhood B^ s (E) over a singular stratum E. This demonstrates that this assumption is not 
overly restrictive. We also emphasize that one might think that this assumption places conditions on the 
curvature of the normal bundle 7VE; however, this is not the case for the following reason. The condition is 
on the foliated homotopy class of the principal transverse symbol of D. The curvature of the bundle only 
effects the zeroth order part of the symbol. For example, if Y — > X is any fiber bundle over a spin c manifold 
X with fiber F, then a Dirac-type operator D on Y has the form D = dx * Dp + Z, where Dp is a family 
of fiberwise Dirac-type operators, dx is the spin c Dirac operator on X, and Z is a bundle endomorphism. 
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First, we show that if D + is a transversal Dirac operator at points of E, and if either E is spin c or its 
normal bundle NT, E is (fiberwise) spin c , then it has the desired form. Moreover, we also remark that 
certain operators, like those resembling transversal de Rham operators, always satisfy this splitting condition 
with no assumptions on E. 

Let NJ 7 be normal bundle of the foliationJ 7 ^ = J-\ s , and let NT, be the normal bundle of E in M. Then 
the principal transverse symbol of D + (evaluated at £ £ N*jFy, © N*T) at points x £ E takes the form of a 
constant multiple of Clifford multiplication. That is, we assume there is an action c of CI (NJ 7 ^ © NT) on 
E and a Clifford connection V on E such that the local expression for D is given by the composition 

r(£)4r(£« T*M) p ™ j T{E® (N*J^ © N*T)) 4 r (E © (iVJs © ATE)) A-T(E). 
The principal transverse symbol a (D + ) at £ x e T*E is 

s' 

Suppose NT is spin c ; then there exists a vector bundle S = S + (BS~ — > E that is an irreducible representation 
of CI (iVE) over each point of E, and we let E 11 — Endci(jvs) {E) an d have 

E = 

as a graded tensor product, such that the action of CI (NJ 7 ^ © NT) = CI (iVE) ©CI (iV J-e) (as a graded 
tensor product) on E + decomposes as 

( c(x)®l -l©c(y)* \ / S+®-E s+ \ /S-©£ s +\ 
\l®c{y) c(x)*©l J ' ^ S- ®E^- ) ~* \ S+®E S - ) 

(see [5], [H]). If we let the operator d N denote the spin c transversal Dirac operator on sections of 7T*.? — > iVE, 
and let be the transversal Dirac operator defined by the action of CI (NJ 7 ^) on _E S , then we have 

D+ = (d N *D s ) + 

up to zero th order terms (coming from curvature of the fiber). 

The same argument works if instead we have that the bundle NTs ~ > E is spin c . In this case a spin c 
Dirac operator 9 E on sections of a complex spinor bundle over E is transversally elliptic to the foliation J 7 ?,, 
and we have a formula of the form 

again up to zeroth order terms. 

Even if 7VE — > E and NJ 7 ^ — > E are not spin c , many other first order operators have splittings as in 
Equation (|4.1[) . For example, if D + is a transversal de Rham operator from even to odd forms, then D + is 
the product of de Rham operators in the A^E and NTs directions. 

In |27] , where a formula for the basic index is derived, the assumptions dictate that every isotropy subgroup 
is a connected torus, which implies that NT, — > E automatically carries a vertical almost complex structure 
and is thus spin c , so that the splitting assumption is automatically satisfied in their paper as well. 

5. The equivariant index theorem 

We review some facts about equivariant index theory and in particular make note of [141 Theorem 9.2]. 
Suppose that a compact Lie group G acts by isometries on a compact, connected Riemannian manifold W . In 
the following sections of the paper, we will be particularly interested in the case where W is the basic manifold 
associated to (M, J 7 ) and G = O (q). Let E = E + © E~ be a graded, G-equivariant Hermitian vector bundle 

over W. We consider a first order G-equivariant differential operator D — D + : F (w, E + ^j —> T (w,E~^j 
that is transversally elliptic, and let D~ be the formal adjoint of D + . 

The group G acts on r^-E*) by (gs)(x) = g - s(g 1 x), and the (possibly infinite-dimensional) 
subspaces ker(D + ) and ker(_D~) are G-invariant subspaces. Let p : G — » U (V p ) be an irreducible unitary 
representation of G, and let \p = tr (p) denote its character. Let r ( W, £ ,± ) be the subspace of sections that 
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is the direct sum of the irreducible G-representation subspaces of T (W, £±) that are unitarily equivalent 
to the representation p. It can be shown that the extended operators 

D p ,s : H s (t (w,E + y^ -> H 3 - 1 (v (w,E~ 

are Fredholm and independent of s, so that each irreducible representation of G appears with finite multi- 
plicity in kerl?* (see [H])- Let € Z> be the multiplicity of p in ker (D ± ). 

The study of index theory for such transversally elliptic operators was initiated by M. Atiyah and I. Singer 
in the early 1970s ([I]). The virtual representation- valued index of D is given by 

ind G (£>) := ]T « - a~) [p] , 
p 

where [p] denotes the equivalence class of the irreducible representation p. The index multiplicity is 
id»(D) :=a+-%=— ^indfi^l 



mc 



In particular, if po is the trivial representation of G, then 

ind p0 (D) = ind ^D\ r{ ~ E+) o^ r{W E _y 

where the superscript G implies restriction to G-invariant sections. 

There is a clear relationship between the index multiplicities and Atiyah's equivariant distribution-valued 

index ind 9 (-D); the multiplicities determine the distributional index, and vice versa. The space r (w^Y 

is a subspace of the A p -eigenspace of G. The virtual character ind s (D) is given by (see pQ) 

md g (D) : = u tx(g\ kelD+ )-tT( 9 \ kelD .y 

= 5>d"0D) Xp ( 5 ). 

p 

Note that the sum above does not in general converge, since ker£> + and ker£>~ are in general infinite- 
dimensional, but it does make sense as a distribution on G. That is, if dg is the normalized, biinvariant Haar 
measure on G, and if cf) — (3 + c pXp € C°° (G) i with j3 orthogonal to the subspace of class functions on G, 
then 



ind* (D)(4) = " / cj>(g) md g (D) dg" 

JG 



= £ indP ( D ) J ^ id) Xp (9) dg = Y, in d p (D) c p , 



an expression which converges because c p is rapidly decreasing and ind p (D) grows at most polynomially as p 
varies over the irreducible representations of G. From this calculation, we see that the multiplicities determine 
Atiyah's distributional index. Conversely, let a : G — > U (V a ) be an irreducible unitary representation. Then 

ind, (D) ( Xa ) = ]T indP ( D ) I Xa (g)XpJgjdg = ind a D, 
p J 

so that complete knowledge of the equivariant distributional index is equivalent to knowing all of the mul- 
tiplicities ind p (D). Because the operator D\ T ^ e+) p ^t(w e-) p IS Fredholm, all of the indices ind G (D) , 
ind 9 (D), and ind p (D) depend only on the stable homotopy class of the principal transverse symbol of D. 

The equivariant index theorem ([14, Theorem 9.2]) expresses ind p (D) as a sum of integrals over the 
different strata of the action of G on W, and it involves the eta invariant of associated equivariant elliptic 
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operators on spheres normal to the strata. The result is 

md"(D) = f ^A p Q (x) \dx~\ +y>(E aj ) , 

JG\Wo j=1 

= 2 dim V p S nftr ank W» ( ~ V ( D ^") 

p beB 

N 3 

(The notation is explained in |14j ; the integrands (x) and A p b (x) are the familar Atiyah-Singer integrands 
corresponding to local heat kernel supertraces of induced elliptic operators over closed manifolds.) 

6. The basic index theorem 

Suppose that E is a foliated CI (Q) module with basic CI (Q) connection V E over a Riemannian foliation 
(M, J 7 ). Let 

Df : r b (E+) -> r b (£-) 

be the corresponding basic Dirac operator, with basic index ind;, \D b ) . 

In what follows, if U denotes an open subset of a stratum of (M, T), V denotes the desingularization of 
U very similar to that in Section [4j and U denotes the fundamental domain of U inside U' . We assume that 
near each component Mj of a singular stratum of (M, T), D b is homotopic (through basic, transversally 
elliptic operators) to the product Dn * Dm. , where Dn is an .F-basic, first order differential operator on a 
tubular neighborhood of T, aj that is elliptic and Zhas constant coefficients on the fibers and -Dm, is a global 
transversally elliptic, basic, first order operator on the Riemannian foliation (Mj,J-). In polar coordinates, 
the fiberwise elliptic operator Dn may be written 

where r is the distance from Mj, where Zj is a local bundle isometry (dependent on the spherical parameter), 
the map Dj is a family of purely first order operators that differentiates in directions tangent to the unit 
normal bundle of Mj . 

Theorem 6.1. (Basic Index Theorem for Riemannian foliations) Let Mq be the principal stratum of the 
Riemannian foliation (M,J-), and let Mi, ... , M r denote all the components of all singular strata, corre- 
sponding to O (q) -isotropy types [G\], ... ,[G r ] on the basic manifold. With notation as in the discussion 
above, we have 

md 6 (Df)= f _A . b (x) |^|+V/3(M,) , 

* W = \ E ^nW h ( D ^) + k ( D ^)) <«> S ' 

where the sum is over all components of singular strata and over all canonical isotropy bundles W T , only a 
finite number of which yield nonzero Aj b , and where 

(1) Aq^ (x) is the Atiyah-Singer integrand, the local supertrace of the ordinary heat kernel associated to 

the elliptic operator induced from D b (a desingularization of D b ) on the quotient Mq/ T , where the 
bundle E is replaced by the space of basic sections of over each leaf closure; 

(2) rj (^Dj + ' b ^j and h (^Dj +,b ^j are the equivariant eta invariant and dimension of the equivariant kernel 

of the Gj -equivariant operator D^ + ' b (defined in a similar way as in [141 formulas (6.3), (6.4), (6.7)}); 

(3) Aj b (x) is the local supertrace of the ordinary heat kernel associated to the elliptic operator induced 
from fl ® Dj^.) (blown-up and doubled from 1®Dmj, the twist of Dm 3 by the canonical isotropy 
bundle W T from Definition on the quotient Mj/ J 7 , where the bundle is replaced by the space 
of basic sections over each leaf closure; and 
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(4) n T is the number of different inequivalent Gj -representation types present in a typical fiber ofW T . 
Proof. Using Proposition l3.il we have 

ind h (Df ) = ind (V G ) , 

where T> = T> + is defined in (|3.1j) . Let S ai , E Qr denote the components of the strata of the basic 
manifold W relative to the G-action corresponding to the components Mi, M r . Near each S Qj . , we write 
V = Dn * D a J , and write Dm = Zj (V^ + r^j) m P°l ar coordinates. By the Invariant Index Theorem 
[HI Theorem 9.6], a special case of the Equivariant Index Theorem stated in the last section, we have 

ind(2? G ) = f ^A°{x) +V/3(S Qj ) , 
Jg\w j=1 

r £ B \ a j 

where refi only if W r corresponds to irreducible isotropy representations whose duals are present in E aj , 

the bundle on which Z? Qj acts. First, G\Wo = M)/^, and G\S^ = Mj/T. By definition, Aq (a;) is the 
Atiyah-Singer integrand, the local supertrace of the ordinary heat kernel associated to the elliptic operator 
induced from V (blown- up and doubled from V) on the quotient G\Wq, where the bundle £ — > W is 

replaced by the bundle of invariant sections of £ over each orbit (corresponding to a point of G\Wo). This 
is precisely the the space of basic sections of over the corresponding leaf closure (point of Mq/J 7 ), and the 
operator is the same as by construction. Similarly, Aj T is the local supertrace of the ordinary heat kernel 
associated to the elliptic operator induced from (1 ® D ^' (blown-up and doubled from 1 (g> D aj , the twist 
of D aj by the canonical isotropy bundle W T — > S Qj . ) on the quotient G\S' a . , where the bundle is replaced 
by the space of invariant sections over each orbit. Again, this part of the formula is exactly that shown in the 
statement of the theorem. The quantities — rj (^Dj + ' T ^j + h (^D^ +,T ^j in the equivariant and basic formulas 

are the same, since the spherical operator on the normal bundle to the stratum in the basic manifold is the 
same as the spherical operator defined on the normal bundle to the stratum of the Riemannian foliation. 
The theorem follows, z □ 



7. The representation- valued basic index theorem 

In order to retain the complete information given by Atiyah's distributional index of the transversal 
differential operator T>, we need to consider the equivariant indices ind p (T>) associated to any irreducible 
representation p of O (q). 

Definition 7.1. The representation-valued basic index of the transversal Dirac operator D^. is defined 
as 

ind£ ind' (V). 

Using Theorem 9.2], we have the following result. The proof is no different than that of Theorem 16. II 

Theorem 7.2. (Representation-valued Basic Index Theorem for Riemannian foliations) Let Mq be the 
principal stratum of the Riemannian foliation (M, J 7 ), and let Mi, ... , M r denote all the components of all 
singular strata, corresponding to O {q)~ isotropy types [G\], ... ,[G r ] on the basic manifold. With notation as 
in the previous section, we have 

L _A p (x) W+j^HMj) , 

where Aq (x) and A^ T (x) are the local Atiyah-Singer integrands of the operators induced on the leaf closure 
spaces by extracting the sections of type p from Mq and Mj . 
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8. The basic index theorem for foliations given by suspension 

One class of examples of Riemannian foliations are those constructed by suspensions. Let X be a closed 
manifold with fundamental group tti (X) , which acts on the universal cover X by deck transformations. Let 
4> : 7ri (X) —> Isom (Y) be a homomorphism to the group of isometries of a closed Riemannian manifold Y. 
The suspension is defined to be 

Xx t y = Ix7/~ 

where the equivalence relation is defined by (x,y) ~ (x ■ g~ 1 ,<j>(g)y) for any g £ tk\ (X). The foliation T 
associated to this suspension is defined by the X-parameter submanifolds, so that TT agrees with TX over 
each fundamental domain of^x^FinXxr". This foliation is Riemannian, with transverse metric given by 
the metric on F. A transversally-elliptic operator that preserves the foliation is simply an elliptic operator 
D Y on Y that is G-equi variant, where G = 4>(tti (X)) C Isom(y). It follows that D Y is also equivariant 
with respect to the action of the closure G, a compact Lie group. Then we have that the basic index satisfies 

ind b (D Y ) = ind ((D Y fy 

We wish to apply the basic index theorem to this example. Observe that the strata of the foliation F are 
determined by the strata of the G-action on Y. Precisely, if S ai , E ar are the components of the strata of 
Y relative to G, then each 

Mj = X x E a ./ ~ 

is a component of a stratum of the foliation (X x ^ Y, J 7 ) . Similarly, the desingularizations of the foliation 
correspond exactly to the desingularizations of the group action in the Equivariant Index Theorem f |14j). 
applied to the G action on Y. By the basic index theorem, 

md b (D Y ) = f _A Q , b {x) [dsj + J2P(Mj) = [_ _A$(x) j&j + 

JM a /T j=1 JYq/G j=1 

where Aq (x) is the Atiyah-Singer integrand of the operator D Y on the (blown up) quotient of the principal 
stratum of the G-action, where the bundle is the space of invariant sections on the corresponding orbit. 
Similarly, the singular terms (3 (Mj) are exactly the same as those in the Equivariant Index Theorem, applied 
to the G action on Y . Thus, the basic index theorem gives precisely the same formula as the Equivariant 

Index Theorem calculating the index ind (^(D Y ) G ^J . 

We remark that in this particular case, the basic index may be calculated in an entirely different way, 
using the Atiyah-Segal fixed point formula for G-equivariant elliptic operators (see [4]). Their formula is a 
formula for ind g (D Y ), the difference of traces of the action of g £ G on ker (D Y ) and ker (D Y *), and the 
answer is an integral J yg a g of characteristic classes over the fixed point set Y 9 C Y of the element g. To 
extract the invariant part of this index, we would need to calculate 

ind (V Y ) G ) = j^ind g (D Y ) dg = J_ [J a g ^j dg : 

where dg is the normalized Haar measure. Since the fixed point set changes with g, the integral above could 
not be evaluated as above. However, if G is connected, we could use the Weyl integration formula to change 
the integral to an integral over a maximal torus T, and we could replace Y 9 with the fixed point set Y T , 
since for generic g £ T, Y 9 — Y T . Moreover, if G is not connected, one may construct a suspension Y 1 of 
the manifold on which a larger connected group G' acts such that G'\Y' = G\Y. 

9. An example of transverse signature 

In this section we give an example of a transverse signature operator that arises from an S* 1 action on a 
5-manifold. This is essentially a modification of an example from [TJ pp. 84ff], and it illustrates the fact that 
the eta invariant term may be nonzero. Let Z 4 be a closed, oriented, 4-dimensional Riemannian manifold 
on which Z p (p prime > 2) acts by isometries with isolated fixed points Xi, i = 1,...,N. Let M = Z 4 x Zp S 1 , 
where 7L V acts on S 1 by rotation by multiples of — . Then S 1 acts on M, and M /S 1 = Z 4 /Z p . 



INDEX THEORY ON RIEMANNIAN FOLIATIONS 



25 



Next, let D + denote the signature operator d+d* from self-dual to anti-self-dual forms on Z 4 ; this induces 
a transversally elliptic operator (also denoted by D + ). Then the ^-invariant index of D + satisfies 



ind P0 (£>+) = Sign (M/S 1 ) = Sign (Z 4 , 



By the Invariant Index Theorem [TH Theorem 9.6] and the fact that the Atiyah-Singer integrand is the 
Hirzebruch L-polynomial \p\, 



md p ° (D) = \ l Pi 

JM/S 1 
1 N 

3=1 

where each £)? + > Po - 1S ^ wq CO pi es f t ne boundary signature operator 



B = {-If (*d-d*) 

to 



on 2.-forms (I = 0,1) on the lens space S 3 /Z p . We have ft (-Dj S+ ' P °) = 2ft (B) = 2 (corresponding 
constants), and in [3] the eta invariant is explicitly calculated to be 



y k=l 



( kmjTr\ ( kriiir 
cot J — cot ' 



\ P J VP 



where the action of the generator £ of Z p on S 13 is 

C • (-21,2:2) = I e " zi,e v z 2 

with (rrij,p) = {iij,p) — 1. Thus, 

Si g „ (M /S .) = i P , + 1 ± £ cot co t (*2fl ) + w 



Note that in [I] pp. 84ff] it is shown that 

Sign (M/S 1 =-/ Pi + -EE cot 



' z4 /ip - J= ifc=i 



J ' cot ' J 



which demonstrates that 

1 /" I 



; Pi - o /— Pi = N > 

illustrating the difference between the blowup M and the original M. 



10. The Basic Euler characteristic 

10.1. The Basic Gauss-Bonnet Theorem. Suppose that a smooth, closed manifold M is endowed with 
a smooth foliation J- ' . 

In the theorem that follows, we express the basic Euler characteristic in terms of the ordinary Euler 
characteristic, which in turn can be expressed in terms of an integral of curvature. We extend the Euler 
characteristic notation \ (Y) for Y any open (noncompact without boundary) or closed (compact without 
boundary) manifold to mean 

, , _ x (Y) if Y is closed 

X (1-point compactification of Y) — 1 if Y is open 

Also, if £ is a flat foliated line bundle over a Riemannian foliation (A", J 7 ), we define the basic Euler charac- 
teristic x (A, J 7 , £) as before, using the basic cohomology groups with coefficients in the line bundle C. 
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Theorem 10.1. (Basic Gauss-Bonnet Theorem, announced in [53] ) Let (M, J 7 ) be a Riemannian foliation. 
Let Mo,..., Mr &e i/ie strata of the Riemannian foliation (M,J-), and let M yy denote the orientation line 

bundle of the normal bundle to J- in Mj . Let Lj denote a representative leaf closure in Mj . With notation 
as above, the basic Euler characteristic satisfies 

X (M, T) = J2x (Mj/T) X (l 3 ,T, O m . /7 ) . 

3 

Remark 10.2. In [271 Corollary 1], they show that in special cases the only term that appears is one 
corresponding to a most singular stratum. 

10.1.1. Proof using the basic Hopf index theorem. In this section, we prove the basic Gauss-Bonnet Theorem 
using the Hopf index theorem for Riemannian foliations ([6]). 

To find a topological formula for the basic index, we first construct a basic, normal, J-"'-nondegenerate 
vector field V on (M, J-) and then compute the basic Euler characteristic from this information. The formula 
from the main theorem in [6] is 

X (M,F)= Yl wd(V, L)x(L,?,O l ). 

L critical 

We construct the vector field as follows. First, starting with i = 1 (where the holonomy is largest, where 

M{/T is a closed manifold), we triangulate Mi/T = W (Gi)/G, without changing the triangulation of 
{Mi/T^) \ Mi/T (to construct the triangulation, we may first apply the exponential map of Mi to the 
normal space to a specific leaf closure of Mi and extend the geodesies to the cut locus, and so on). The 
result is a triangulation of M/T that restricts to a triangulation of each Mi/T . Next, we assign the value 
to each vertex of the triangulation and the value Ho a point on the interior of each fc-cell, and we smoothly 
extend this function to a smooth basic Morse function on all of M whose only critical leaf closures are each 
of the points mentioned above. The gradient of this function is a a basic, normal, J-"'-nondegenerate vector 
field V on M. Thus, letting Lk denote a leaf closure corresponding to the value k, 

X (M,T) = ]T md(V, L)x(L,F,G L ) 

L critical 
k L k 
i 
i 

where Li denotes a representative leaf closure of Mj, and denotes its "negative direction orientation 
bundle", which by the definition of the vector field is isomorphic to the orientation bundle Om/1f °^ 
T (Mi/T) . 

10.1.2. Proof using the Basic Index Theorem. In this section, we prove the basic Gauss-Bonnet Theorem 
using the Basic Index Theorem (Theorem 16. ip . 

As explained in Section [2.51 we wish to compute indb (D' b ) — ind(, (-Db), with 

D' b = d + S b : D b = D' b -^ (n b A +k 6 j) . 

Let Mo be the principal stratum of the Riemannian foliation (M, J 7 ), and let Mi, ... , M r denote all the 
components of all singular strata, corresponding to O (q)-isotropy types [Gi], ... ,[G r ] on the basic manifold. 
At each Mj, we may write the basic de Rham operator (up to lower order perturbations) as 

D b = D Nj * D Mj , 

where Dm } is in fact the de Rham operator on the vertical forms, and Dm^ is the basic de Rham operator 
on (Mj , F\ M \ Further, the spherical operator Dj in the main theorem is simply 

Df = -c (d r ) (d + d*f , c (d r ) = dr A -drj , 
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where (d + d*) s is a vector- valued de Rham operator on the sphere (normal to Mj) and r is the radial distance 
from Mj . We performed a similar calculation in [14> Section 10.2], and the results are that r\ (^L>j + ' a ^j = 
for all Gj -representation types [a] and 

2 if a = 1 and Gj preserves orientation 
h ( D s+ ' a ^) — I ^ if cr = 1 and Gj docs not preserve orientation ^ 



3 



1 if a = an d Gj does not preserve orientation 
otherwise 



Here, if some elements of Gj reverse orientation of the normal bundle, then £g . denotes the relevant one- 
dimensional representation of Gj as ±1. The orientation line bundle O m yy Mj of the normal bundle to 
Mj is a pointwise representation space for the representation £q. . After pulling back to and pushing forward 
to the basic manifold, it is the canonical isotropy G-bundle W b corresponding to (j, [£gJ)- We may also 
take it to be a representation bundle for the trivial G 3 ^-representation 1 (although the trivial line bundle is 
the canonical one). The Basic Index Theorem takes the form 

ind 6 (£>f ) = / _A Q , b (x) jd£j + V (3 {Mj) 



M /F 



3=1 



P(Mj) = lY,( h ( D 3 S+Aa + +h ( D i + ' 1 )) [~ - A ^( x '°M i/ y) W 

= Y1 ~ - A 3\b{X,0 Mj/ y) \dx\. 

j JMj/r y 7 

We rewrite $m. /y Aj^ (x,0 M yyj \dx\ as Jjgr Kj (x,0 M/ ,yj \dx\ before taking it to the quotient. We 
see that Kj ( x,0 M // y) is the Gauss-Bonnet integrand on the desingularized stratum Mj, restricted to 
M yy- twisted basic forms. The result is the relative Euler characteristicx \Lj,F, M .yy 

Kj (x, O m /y^j \dx\ = x ^Mj, lower strata, F, M .yy 



Here, the relative basic Euler characteristic is defined for X a closed subset of a manifold Y as x (Y> X, F, V) = 
X (Y, F, V) — x (X, F, V), which is also the alternating sum of the dimensions of the relative basic cohomology 
groups with coefficients in a complex vector bundle V — > Y. Since Mj is a fiber bundle over Mj/F with 
fiber Lj (a representative leaf closure), we have 

J~ K 3 ( x > °M ] /y) \ dx \ = X (l 3 ,F, Mj /t) X (Mj/J 7 , lower strata/ F) , 

by the formula for the Euler characteristic on fiber bundles, which extends naturally to the current situation. 
The Basic Gauss-Bonnet Theorem follows. 

10.1.3. The representation- valued basic Euler characteristic. Using the Representation- valued Basic Index 
Theorem (Theorem 17. 2p . we may use the arguments in the previous section to derive a formula for the basic 
Euler characteristic of basic forms twisted by a representation of O (q) . Since the proof is nearly the same, 
we simply state the result. 

Theorem 10.3. (Representation-valued Basic Gauss-Bonnet Theorem) Let (M, F) be a Riemannian folia- 
tion. Let Mo,..., M r be the strata of the Riemannian foliation (M,F), and let M // y denote the orientation 

line bundle of the normal bundle to F in Mj . Let Lj denote a representative leaf closure in Mj . For (X, Fx ) 
a Riemannian foliation of codimension q, let x p (X,Fx,V) denote the index of the basic de Rham operator 
twisted by a representation p : O (q) — » U (V p ) with values in the flat line bundleV. Then the basic Euler 
characteristic satisfies 

X" [M, F) = J2* { M 3/7) X P (L 3 ,F, Mj/ 



2,x 



J. BRUNING, F. W. KAMBER, AND K. RICHARDSON 



10.2. Examples of the basic Euler characteristic. In addition to the examples in this section, we refer 
the reader to |29j . where in some nontaut Riemannian foliations, the basic Euler characteristic and basic 
cohomology groups and twisted basic cohomology groups are computed using the theorems in this paper. 

The first example is a codimension 2 foliation on a 3-manifold. Here, 0(2) acts on the basic manifold, 
which is homeomorphic to a sphere. In this case, the principal orbits have isotropy type ({e}), and the two 
fixed points obviously have isotropy type (0(2)). In this example, the isotropy types correspond precisely 
to the infinitesimal holonomy groups. 

Example 10.4. (This example is taken from |51j and [55] .) Consider the one dimensional foliation obtained 
by suspending an irrational rotation on the standard unit sphere S 2 . On S 2 we use the cylindrical coordinates 
(z,9), related to the standard rectangular coordinates by x' = — z 2 ) cos 9, y' = y/ (1 — z 2 ) sin 9, z' = z. 
Let a be an irrational multiple of 2ir, and let the three-manifold M — S 2 x [0, 1] / ~, where (z, 9, 0) ~ 
(z, 9 + a, 1). Endow M with the product metric on T Zt g tt M = T Zt gS 2 x T t R. Let the foliation T be defined 
by the immersed submanifolds L z q = U ne z {z} x {9 + a} x [0, 1] (not unique in 9). The leaf closures L z 
for \z\<l are two dimensional, and the closures corresponding to the poles (z = ±1) are one dimensional. 
The stratification of (M, J 7 ) is M (Hi)\\M (H2), where M (Hi) is the union of the two "polar" leaves 
(z = ±1), and M (H2) is the complement of M (Hi). Note that each orientation bundle O m(h )/T * s trivial. 
Next, x {M (H2) / ~F) — x (open interval) = — 1, and x \M (Hi) /F) — x (disjoint union of two points) = 
2. Observe that x [Li, T, M(Hi)/ yj = x(Li,T) = x(S' 1 ,S' 1 ) = 1. However, x (-^2, °m(h 2 )/t) = 
x(L2,J~) = 0, since every such leaf closure is aflat torus, on which the foliation restricts to be the irrational 
flow and since the vector field dg is basic, nonsingular, and orthogonal to the foliation on this torus. By our 
theorem, we conclude that 

X(M,F) = Y^xiMm/Tjx^U,^, M(Hi)/y 

i 

= 2-l + (-l)-0 = 2. 

We now directly calculate the Euler characteristic of this foliation. Since the foliation is taut, the standard 
Poincare duality works [35j [3 6) , and H® (M) = H 2 (M) = K . It suffices to check the dimension h 1 of 
the cohomology group H^ (M). Then the basic Euler characteristic is x(M,J-) = 1 — h 1 + 1 = 2 — h . 
Smooth basic functions are of the form f (z), where f (z) is smooth in z for — 1 < z < 1 and is of the form 
f (z) = fi (l — z 2 ) near z = 1 for a smooth function fi and is of the form f (z) = f% (l — z 2 ) near z = — 1 
for a smooth function fi- Smooth basic one forms are of the form a — g (z) dz + k (z) d9, where g (z) and 
k (z) are smooth functions for — 1 < z < 1 and satisfy 

g (z) — gi (l — z 2 ) and 

k(z) = (1 - z 2 ) ki (1 - z 2 ) (10.2) 

near z — 1 and 

g (z) — 52 (l — z 1 ) and 

k(z) = (1 - z 2 ) k 2 (I - z 2 ) 

near z = — 1 for smooth functions 51,52,^1,^2 ■ A simple calculation shows that kerd 1 = imd°, so that 
h 1 = 0. Thus, x(M,F) = 2. This example shows that the orbit space can be dimension 1 (odd) and yet have 
nontrivial index. 

The next example is a codimension 3 Riemannian foliation for which all of the infinitesimal holonomy 
groups are trivial; moreover, the leaves are all simply connected. There are leaf closures of codimension 2 
and codimension 1. The codimension 1 leaf closures correspond to isotropy type (e) on the basic manifold, 
and the codimension 2 leaf closures correspond to an isotropy type (0(2)) on the basic manifold. In some 
sense, the isotropy type measures the holonomy of the leaf closure in this case. 

Example 10.5. This foliation is a suspension of an irrational rotation of S 1 composed with an irrational 
rotation of S 2 on the manifold S 1 x S 2 . As in Example \10.J^ , on S 2 we use the cylindrical coordinates 



(z,9), related to the standard rectangular coordinates by x' = ^/(l — z 2 ) cos 9, y' = y(I — z 2 ) sin 9, z' = z. 
Let a be an irrational multiple of lix , and let (3 be any irrational number. We consider the four-manifold 
M = S 2 x [0,1] x [0,1]/ ~, where (z,9,0,t) - (z,9,l,t), (z,9,s,0) ~ (z,9 + a,s + f3 mod 1,1). Endow M 
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with the product metric on T Z ^^ S ^M = T z ^gS 2 x T S R x T t M. Let the foliation F be defined by the immersed 
submanifolds L z .e. s = U„ e z {z} x {9 + a} x {s + f3} x [0, 1] fnot unique in 9 or s ). The leaf closures L z for 
\z\ < 1 are three-dimensional, and the closures corresponding to the poles (z = ±1J are two-dimensional. 
The basic forms in the various dimensions are: 

«2 = {.f(z)} 

Ql = {gi(z)dz+(l-z 2 )g 2 (z)d9 + g 3 (z)ds} 

n\ = {hi (z) dz A d9 + (1 - z 2 ) h 2 (z)d6 A ds + h 3 (z) dz A ds} 

fll = {k (z) dz Add A ds} , 

where all of the functions above are smooth in a neighborhood of [0, 1]. An elementary calculation shows that 
h° = h l =h 2 = h 3 = 1, so that x (M, F) =0. 

We now compute the basic Euler characteristic using our theorem. The stratification of (M,F) is 
M {Hi) ]J M (H 2 ), where M (Hi) is the union of the two "polar" leaf closures (z = ±1) , and M (H 2 ) is the 
complement of M (Hi). Note that each orientation bundle O M(Hi)/T * s 

trivial. Next, x (M (H 2 ) /T) = 
X (open interval) = — 1, and \ (M (Hi) /F) — x (disjoint union of two points) = 2. 

Observe that X (L\, T, O m(H x )/t) = X{L-i,F) = 0, since this is a taut, codimension-1 foliation. Also, 

X (l 2 , T, O M(H 2 )/y) = X (-^2, -T 7 ) =1 — 2 + 1 = 0, since the basic forms restricted to L 2 consist of the span 
of the set of closed forms {1, d6, ds, d9 A ds}. Thus, 

X(M,F) = £ X (M (Hi) /T) x {U,T, M{Hi)/y ) 

i 

= 2-0 + (-1) -0 = 0, 

as we have already seen. 

Note that taut foliations of odd codimension will always have a zero Euler characteristic, by Poincare 
duality. Open Question: will these foliations always have a zero basic index? 

The following example is a codimension two transversally oriented Riemannian foliation in which all the 
leaf closures have codimension one. The leaf closure foliation is not transversally orientable, and the basic 
manifold is a flat Klein bottle with an 0(2)-action. The two leaf closures with Z 2 holonomy correspond to 
the two orbits of type (Z 2 ), and the other orbits have trivial isotropy. 

Example 10.6. This foliation is the suspension of an irrational rotation of the flat torus and a Z 2 -action. 
Let X be any closed Riemannian manifold such that tti(X) = Z * Z , the free group on two generators 
{a, f3}. We normalize the volume of X to be 1. Let X be the universal cover. We define M = X x 
S 1 x S 1 /■ni(X), where ni(X) acts by deck transformations on X and by a (6, (f>) = (2ir — 9, 2ir — (ft*) and 
(3 (9,<f>) = (9,4> + V^tt) on S 1 x S 1 . We use the standard product-type metric. The leaves of T are defined 
to be sets of the form 9, (f>)^ \ x e xj. Note that the foliation is transversally oriented. The leaf closures 
are sets of the form 

L e = {(x, 9, (j>)^ | x e X, 4> e [0, 2tt] } (J {(x, 2tt - 9, <j>)^ \ x e X, <P e [0, 2tt] } 

The basic forms are: 

V° b = {/(*)} 

nj = {gi(9)d9 + g 2 (9)dcj > } 

ill = {h(9)d9 A d<P} , 

where the functions are smooth and satisfy 

/(27T-0) = f(9) 
9l (2n-9) = - 9l (9) 
h(2n-6) = h (9) . 
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A simple argument shows that h = h 2 = 1 and h 1 = 0. Thus, x (M, J-) = 2. The basic manifold W is 
an 0(2) -manifold, defined by W — [0, ir] x S 1 / ~ , where the circle has length 1 and (9 = or 7r, 7) ~ 
(0 = or 7r, —7). XTms is a Klein bottle, since it is the connected sum of two projective planes. 0(2) acts on 
W via the usual action on S 1 . 

Next, we compute the basic Euler characteristic using our theorem. The stratification of (M , J 7 ) is 
M (Hi) ]J M (H2), where M (Hi) is the union of the two leaf closures 62 = and 62 = ft, and M (H2) 
is the complement of M (Hi). Note that the orientation bundle O m(H2)/~t * s trivictl since an interval is 
orientable, and O m(h 1 )/1f * s t™ m ^ even though those leaf closures are not transversally oriented (since the 
points are oriented!). Next, 

X \ M (H2) /7) — X (open interval) = — 1, 

and 

X (M (Hi) /J 7 ) = X (disjoint union of two points) = 2. 

Observe that x {l2,J~, ®m(H 2 )/1f^ = X (L2, J~) = 0, since each representative leaf L2 is a taut (since it is a 

suspension), codimension 1 foliation, and thus ordinary Poincare duality holds (\58\ .[49] ): dimHg (L2, J 7 ) = 

dim Hg (L2,J-) = 1. On the other hand, x (Li,J-, M ^ Hi ^yj = x (Li, J-) — 1, since each such leaf closure 

has dimii^ (Li, J-) = 1 but dimHg (Li,J-) = since there are no basic one-forms. By our theorem, we 
conclude that 

X(Y,F) = J2x (M (Hi) /T) x {Li, J 7 , M{Hi)/7 ) 

i 

= 2-l + (-l)-0 = 2, 
as we found before by direct calculation. 

The next example is a codimension two Riemannian foliation with dense leaves, such that some leaves 
have holonomy but most do not. The basic manifold is a point, the fixed point set of the O (2) action. The 
isotropy group 0(2) measures the holonomy of some of the leaves contained in the leaf closure. 

Example 10.7. This Riemannian foliation is a suspension of a pair of rotations of the sphere S 2 . Let X be 
any closed Riemannian manifold such that iti(X) — Z * Z , that is the free group on two generators {a,/3}. 
We normalize the volume of X to be 1. Let X be the universal cover. We define M = X x S 2 / iri(X). The 
group tti(X) acts by deck transformations on X and by rotations on S 2 in the following ways. Thinking of 
S 2 as imbedded in K 3 , let a act by an irrational rotation around the z-axis, and let ft act by an irrational 
rotation around the x-axis. We use the standard product-type metric. As usual, the leaves of T are defined 
to be sets of the form |(a;, v)~ \ x G Note that the foliation is transversally oriented, and a generic leaf 

is simply connected and thus has trivial holonomy. Also, the every leaf is dense. The leaves {(x, (1,0,0))^} 
and {(x, (0,0, 1))^} have nontrivial holonomy; the closures of their infinitesimal holonomy groups are copies 
of SO(2). Thus, a leaf closure in M covering the leaf closure M has structure group SO(2) and is thus all 
of M , so that W is a point. The only basic forms are constants and 2 forms of the form CdV , where C is a 
constant and dV is the volume form on S 2 . Thus h — h 2 — 1 and h 1 = 0, so that x (M, J-) = 2. 
Our theorem in this case, since there is only one stratum, is 

X (M,T) = Y,x{M(H)/T)x(l is^ 7 ) ® M{Hi)/ T) 
i 

= x (point) x (M, J 7 ) 
= X(M,T), 
which is perhaps not very enlightening. 

The following example is a codimension two Riemannian foliation that is not taut. This example is in 

Example 10.8. Consider the flat torus T 2 = M 2 /Z 2 . Consider the map F : T 2 — > T 2 defined by 

'(;)-(?!)(;) - 1 
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Let M = [0,1] x T 2 / ~ , where (0,a) ~ (l,F(a)). Let v, v' be orthonormal eigenvectors of the matrix 
above, corresponding to the eigenvalues 3+ 9 v ^ , ^—fi > respectively. Let the linear foliation F be defined by 
the vector v' on each copy of T 2 . Notice that every leaf is simply connected and that the leaf closures are of 
the form {t} x T 2 , and this foliation is Riemannian if we choose a suitable metric. For example, we choose 
the metric along [0, 1] to be standard and require each torus to be orthogonal to this direction. Then we 
define the vectors v and v' to be orthogonal in this metric and let the lengths of v and v' vary smoothly over 
[0,1] so that ||u||(0) = ^^IMKl) and \\v'\\(0) = ^^\\v'\\(l). Letv = a{t)v, v 7 = b(t)v' be the resulting 
renormalized vector fields. The basic manifold is a torus, and the isotropy groups are all trivial. We use 
coordinates (t,x,y) € [0, 1] x T 2 to describe points of M . The basic forms are: 

= {f(t)} 
nj = { 9l (t)dt + g 2 (t)v*} 

n 2 b = {h{t)dthv*}, 

where all the functions are smooth. Note that dv* = — dt A v* By computing the cohomology groups, we 
get h = h 1 = 1, h 2 = 0. Thus, the basic Euler characteristic is zero. 

We now compute the basic Euler characteristic using our theorem. There is only one stratum, and the 
leaf closure space is S 1 . The foliation restricted to each leaf closure is an irrational flow on the torus. Thus, 



as we have already seen. 



i 

x(^)x(WxT 2 ,J-) 
0-0 = 0, 



Following is an example of using the representation-valued basic index theorem, in this case applied to 
the Euler characteristic (Theorem 110. 3p . 

Example 10.9. Let M = R x^T 2 be the suspension of the torus T 2 = R 2 /Z 2 ; constructed as follows. 
The action (j> : Z — > Isom (T 2 ) is generated by a \ rotation. The Riemannian foliation T is given by the 

R-parameter curves. Explicitly, k g Z acts on [ ^ 1 ) by 

\ J/2 ) 

*<*>(£)-(: o)'(£ 

Endow T 2 with the standard flat metric. The basic harmonic forms have basis {\,dy\,dy2,dy\ A dy 2 }. Let 
Pj be the irreducible character defined by k G Z i— > e 4fc J 7r / 2 . Then the basic de Rham operator (d + Sb) Po 
on 1-invariant basic forms has kernel {cq + c\dy\ l\dy 2 ■ cq,c\ G C}. One also sees that ker (d + i5b) Pl = 
span{iii?/i + dy 2 }, ker (d + Sb) P2 = {0}, and ker (d + 5b) P3 = span{— idy\ + dy 2 }. Then 

X p0 (M, T) = 2, x pl (M, F) = X p3 (M, F) = -1, X p2 (M, F) = 0. 

This illustrates the point that it is not possible to use the Atiyah-Singer integrand on the quotient of the 
principal stratum to compute even the invariant index alone. Indeed, the Atiyah-Singer integrand would be 
a constant times the Gauss curvature, which is identically zero. In these cases, the three singular points 

<2i=^q^ ,02=^?^ 5 a 3— ^f^j certainly contribute to the index. The quotient M/F is an 

orbifold homeomorphic to a sphere. 

We now compute the Euler characteristics x p (M, F) using Theorem 1 1 0. 3\ The strata of the foliation are 
as follows. The leaves corresponding to a± and 03 comprise the most singular stratum M s with isotropy Z4, 
and the leaf correspondng to a 2 is its own stratum Mi with isotropy isomorphic to Z2 . Then 

X (Ms/F) = 2, 

x{Mi/T) = 1, 

X(M /F) = x(S 2 ^{3points})=-l. 
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In each stratum (Mq, Mi, or M s ), the representative leaf closure is a circle, a single leaf, and each stratum 
is transversally oriented. The Euler characteristic x p i^j,^) is one if there exists a locally constant section 
of the line bundle associated to p over Lj, and otherwise it is zero. We see that 



if Mj = M and p 
if Mj = M s and p - 
if Mj = Mi and p = 
otherwise 



: P0-.Pl-.P2, 
- PO 

Po or p 2 



or p 3 



Then Theorem \10.3\ implies 
X p (M) = (-1) 



if P = Pa,Pi,P2, 
otherwise 




if Mj — Mo and p 
if Mj = M s and p - 
if Mj = Mi and p -- 
otherwise 



or p 3 

■■ pi or p 3 
- Po 

P2 



(1) 



if P = Po or p 2 
otherwise 



(2) 



if P = Po 
otherwise 



which agrees with the previous direct calculation. 
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